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Topology:-

Let X be non empty set and ‘t’ be the collection of subsets of X. Then
T is called topology if,

(i) @ and X belongs to t.
(ii) The intersection of any two sets in T belongs to t.
(iii) The union of any number of sets in T belongs to .

The members of T are then called t-open sets OR simply open
sets. (And compliment of open set is called a closed set). X together with t
i.e.(X, 1) is called a topological space.

The set X is called its ground set and the elements of X are called
its points.

Neighborhood of a Point:-

If (X, T) is a topological space and A € X, Then x € A,
There exitu e Ts.t x e u € A. Then A is neighborhood of x.

X

%

Neighborhood of a point is a set.

Every open set is neighborhood of each of its points.

A point of X can have more than one neighborhood.

Every point of X has at least one neighborhood and that is X.

Collection of all neighborhoods of a point is called neighborhood system

)
0’0

X

%

)
0‘0

X3

%

of that point.
Base for a Topology:-
Let X be any set, then a subset For B; and B, € § and
B of subsets of X is a base for x € By N B, Then UB, =X
a topology if V xeX, there exit there exit Bzef3 such
B €  such that x € B. that xeB; € B; N B,
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Concepts:-
(D) We are given with the topology T and need to construct the base
for t.
(ii) We are given with the ground set and need to construct a base

and generate corresponding topology.
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Base For a Topology:-

A collection S of a topology 7 is called base fot topology
if every member of 7 is union of members of .

Example:-
Let X ={a,b,c.d, e} & ©=/{p {a b} {c d}{ab,c d}X}
B = {{a,b},{c,d},X} & B,{{a b} {c,d},{a b,c,d} X}
Both f; & B, are the basis for 7.
Now consider,
1, = {¢,{a}, {b,c},{a,b,c},{b,c,d e}, {d e} {a d e} X}
Bz ={{a}, {b,c},{d, e}, {b,c,d,e}} & By ={{a},{b c},{d e}}

Theneach f; and [, arebasisfor 1,

Note:-

Members of the base for a topology are called basic open sets and their
compliments are called basic closed sets.

Example:-

If X s a non empty set then the collection of all singletons of X is a
base for a discrete topology.

e.g. B = {{a}, {b},{c},{d}, {e}} for same above X.
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Theorem:-

A collection [ of atopology t is a base for tif and only if for any
points x € u € 7, there exit Bef such that xeB < f5.

Note:-

+ Consider the usual topology on the real line R. Then a base f for this

topology is the set of all open intervals, that is,
B ={(a,b):a,beRand a < b}

* Consider the usual topology on the plane R? then each of the following
collections is a base for the usual topology on RZ.

1. The collection B; of all open discs in RZ.

2. The collection S, of all open rectangles bounded by the sides, which are
parallel to the co-ordinate axis.

Definition:-

A collection £ of sub sets of a non empty set X is a base for some
topology 7 on Xif f meet the following requirements,

(1) If A, Bef and xe ANB, then there exit Cef such that,
xeC €S ANB.
(2) Union of B=X VBef

Base at a Point:-

Let x be any point of a topological space (X,7). A collection
B, of open sets containing x is called a base at the point x. This is also called
local base.

¢ A collection 3, is base at the point x, if for every open set u containing
x, there exit B € 5, suchthat xe B € u.
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Theorem:-

A collection S of open sets in a topological space (X, ) is a base for
T ifand only if f contains base at each point of X.

Example:-
Let X ={a,b,c,d, e} &

T — {90’ {a}’ {b}’ {C}’ {a’ b}’ {a” C}’ {b’ C}’ {a’ b’ C}’ {C’ d’ e}’ {a’ C’ d’ e’ }’}
{b,c,d, e}, X

Bo={a}} . B={} ., B.={{c}}
B ={{c.d e}} & Bs={{c,de}}
And B = {{a},{b},{c},{c,d, e}} ~containing base at each point of X.

Example:-

The set of all open discs with centre x is a base at x with respect to
the plane.

Example:-

In discrete topological space X, the base at each point is {{x}}.

Sub Base:-

Let T be atopology on X, then the collection § of members 7 is
called sub base for 7 if and only if finite intersection of members of § form
base for 7.
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Example:-

Let X ={a,b,c,d, e}
T ={p,{a},{b,c},{a b, c},{b,cd e} {d e}, {a,d, e}, X}
Let §={{a}{a b,c}{bcd e} {ad e}}

B ={{a}{a,d e}, {b,c,d e} {a d e} {bc}{d e}} thenclearlyp isthebase
for .

— § is a sub base.

Question 1:-

Let X ={a,b,c,d}; sowthat = {{b, c}, {c, d}} cannot be base
for any topology on X.

Solution:-
(1) Let By ={b,c} & B, ={c,d}ep
B1 N By = {c}
Let ce€ By N B, ; then there does not exit any set 3 € B such that,
cePs S P1NP;
= [ is not base for any topology.

(2) Alsounionof B;ef =1{b,c,d} #X
= [ is not base for any topology.

Question 2:-

Find a sub base (with a few members as possible) for each of the
following topology on X = {a, b, c}
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(1) 71 = {(,0, {a}, X}
(2) T2 = {(,0; {Cl}, {b, C}, X}
(3) 13 = {(,0; {Cl}, {Cl, b}! {b, C}! X}

Solution:-

(1) Subbasefor 7, =8; = {¢,{a}, X}
(2) Subbase for 7, =S, = {{a}, {b, c}}
(3) Subbasefor 73 = 83 = {{a}, {a, b}, {a, c}}

Quetion3:-
Let X = {a, b, c,d, e} generate topologies for,
§; = {{a,b}, {c,d} X} & & = {{a,b}, {b,c,d}, {d,e},X}
Solution:-
(1) 8 ={{ab}{cd} X}
Base for 8; = B; = {9, X,{a, b}, {c,d}}
And topology for §; =11 = {go,X, {c,d},{a,b},{a,b,c, d}}
2) S, ={{a b}, {b,c d}{d e} X}
Base for §, =, = {(p,X, {a,b},{b,c,d},{d, e}, {b}, {d}}
And topology = 7, = {9, X, {a, b},{b,c,d},{d, e}, {b},{d},{a, b, c,d},
{a,b,d, e}, {a,b,d},{b,c,d, e}, {b,e d},{b,d}}

Continuous Function:-

Let (X,7,) and (Y, Ty) be topological spaces and
f:X —Y is afunction. Let x € X then f is said to be continuous at x_ if for
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each open set V containing f(xo) there exit an open set U in X such that
x eU & f(U)cV.

Then f is said to be continuous on X if f is continuous at each point of X.

Example:-
Let X ={a,b,c}; 1, = {X, @, {a}, {a,b}} and
Y ={12}; 7, ={o,V,{1},{2}}. Let f:X — Y be defined by f (a) = 1,

f(b) =1 & f(c) =2. Then f iscontinuous at x = a, b. butnot continuous
at c.

Verification:-
Letx=b = f(x)=f(0b)=1
Let V ={1}, Then U = {a,b}

Now, beU & f(U)=f{ab})=1cV

PREPAIRED BY

= f iscontinuousat x = b Dr. MUHAMMAD
Similarly for x = a. TAHIR Wattoo
M.S. MATHEMATICS

Nowlet x =¢ = f(x)=f(c)=2
FA15-RMT-007
And the openset V={2}. Now x=celU=X

> fU)=fX)=Y={12} £V

= f is not continuous at c.

Example:-

Let X be an indiscrete topological space and let Y be discrete
topological space, then every function f:X — Y which is not constant is
discontinuous at all points of X.
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Example:-

Let X be an arbitrary topological space and let Y be an indiscrete
topological space. Then every function f: X — Y is continuous at all points of
X.

Continuous Function (Alternate Definition):-

A function f:X — Y is continuous on X if f~1(V) is
openin X for everyopenset VV of Y.

Product Topology/Box Topology:-

Let (X,7,) and (Y,7,) be topological
spaces, The product topology (Box topology) on X X Y is the topology having
as basis the collection f of all sub sets of the for U X V, where U is an open
subset of X and V is an open subset of V.

Result:-

If § is a basis for topology of X and y is a basis for topology of Y, then
the collection D ={B X C:Bef,and C ey} is a basis for the product
topology of X X Y.

Example:-

Let X ={a,b,c}; 7, ={e,{a},{b}.{a b}, X}
Let Y ={1,234}; 1, =1{p{1,2},{34}Y}
Then we know,

X XY ={(a1),(a2),(3)(a4),b 1), b ?2),b3), b 4,1,
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(c,2),(c,3),(c,4)}
B., = {{a}, (b}, X}; v, = {{1,2},(34}}
Let Ul = {a} ’ UZ = {b} € ﬁrx & Vl = {1'2} ’ VZ = {3'4} € y’[y

C>fD={U1XV1, UzXVl, U1XV2,U2xV2, XXVl, XXVZ}
= D = {{a} X {1,2},{b} X {1,2},{a} X {3,4},{b} X {3,4},{a, b, c} X {1,2},

{a,b,c} X {3,4}}
= D = {{(a,1),(a,2)},{(b, 1), (b, 2)},{(a,3),(a, 4)},{(b, 3), (b, 1)},
{(a,1),(a,2),(b,1),(b,2),(c,1),(c,2)},{(a,3),(a,4), (b, 3),
(b,4),(c,3),(c,H}}

Is the base for X XY.

Note:-

Let Xi,X5,X3,...,X,, beafinite family of sets. Then the Cartesian
product,

n
l_IXa :X1 XXZ XX3 XXXn
a=1
={x = (X1, %3, e, X,): X, X,V @ =1,2,...,n}

For arbitrary product, Let {X,: a € V} be an arbitrary family of sets, then the
Cartesian product is given by, [[ v Xj,-

Projection Mapping:-
The function p;: [[,.v X, — X;; i€V defined by,

pi(x) = x; is called a projection mapping of [[,.v X, onto X;.
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¢ Every projection mapping is surjection (onto).

Definition:-

Let {X,:a eV} be an arbitrary family of topological spaces, and
let BeV, then pg:[lpevX, — Xp defined by,

pEl(U[;) = [lgevBy, ; whereB, =Up fora=p & B, =X, for a #f

Then, S, = {p;l(Uﬁ):U[; era} and let § =U,vyS, be a sub base for
topology 7 on [[,.vX,-

Then 7 is called product topology and the topological space ([I,evX,,T) is
called the product space.

Previous Knowledge

Semi Group:-

A non-empty set S is said to be semi group under the binary
operation x if,

(i) (S, %) is closed.
(i) % is associated in S. PREPAIRED BY
Then we write (S,%) is a semi group. MUHAMMAD TAHIR

M.S. MATHEMATICS

e.g.(N,+),(E,») are semi groups.

Group:-
A non empty set G is said to be group under the binary operation x if,
(i) (G,x)isclosed i.e.Va,beG = (axb)eG
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(ii) (G,%) is associated i.e.Va,b,ceG = (axb)*xc=ax (bxc)
(iii) Identity element under the binary operation % exit in G. That is

there exitan element ee Gs.t. VaeG, exa=axe = a.

(iv) Every element of G has its inverse under the binary operation % in
G.Thatis Va e G thereexitsome beGs.t. axb=bxa=e.
Where e isidentity element in G.

Then we write (G,%) is a group.

Abelian Group:-

A group (G,x) is said to be commutative group or abelian
group if “¥” is commutative in G.

Sub Group:-

Let G be a group and H is a non empty sub set of G, then H is said to
be sub group of G if H itself is group under the induced (same) binary
operation of G. then we writeitas H < G.

Remark:-

Every group G has at least two sub groups namely the identity
element {e} and group G itself. These two groups of G are called trivial or
improper subgroups of G. Any other sub group of G is called proper or non-
trivial sub group of G.

Cyclic Group:-

A group G generates by a single element say a is called cyclic

“w_n

group. In this case “a” is called generator of G. and we writeitas G =< a >.
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Left Coset:-
Let Gbe agroup and x € G, then a set defined by

xH = {xh e G:h e H} iscalled left coset of H in G determined by x, where H
is sub set of G.

Similarly Hx = {hx: h € H} is said to be right coset of H in G.

Normal Sub Group:-

A sub group H of a group G is said to be normal sub group if
and only ifforall ge G = gH = Hg. Then we write HAG.

Factor Group OR Quotent Group:-

Let G be group and HAG. Then the collection

of all left (or right) cosets of H in G is called factor group or quotient group. It
is denoted by G\H i.e. G\H = {gh: g € G}.

Homomorphism:-
Let (G,%) & (G',*) be two groups then a function,

¢: (G,%) — (G ,*) is said to be group homomorphism or simply
homomorphism if ¢ preserves the binary operations of both G & G, that is
forall a,beG; @(axb)=q@(a)e@(b).

Kernal of ¢:-

Let ¢:G — G be a group homomorphism. Then kernel of ¢ is
denoted and defined by kerg = {g e G:p(g) = e'; e’ isidentity of G'}
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Permutation Group:-

Let X # ¢, then any bijection mapping from X—Xis
called permutation on X.

Then the set of all permutations on X is denoted by S, forms a non abelian
group under the binary operation of compositions of functions. If 0(X) = n,
then O(S,) = n! and in this case S, is denoted by S,,.

Note:-

VY a € G, where (G,%) isagroup,

>

D)

» H = aH; where H is a sub group of G.
O(H) = 0(aH)

L)

3

%

¢ In general we know that aH # Ha.
¢ Either cosets of a sub group H of a group G are similar or disjoint.
¢ Uvygeg aH = G.’
s Let ¢:G — G be ahomomorphism,
@ o@l=e. (b) VaeG o) ={p@}"’
Left Action:-

Let (S,%) be a semi group, for a fixed element a € S, the mapping
l,:S — S defined by, [,(x) = a % x is called left action.

Right Action:-

Let (S,%) be a semi group, for a fixed element a € S, the
mapping R,:S — S defined by, R,(x) = x % a is called right action.
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Inversion Mapping:-

If (G,%) is a group then a mapping I: G — G defined by,
I(x) = x1is called an inversion mapping.

Note:-

If (G,%) is agroup, then left action is called “Left Translation” and right
action is called “Right Translation”.

Right Topological Semi-Group:-

A right topological semi group consists of a,

(D) Semi group (§,%).
(ii) Topology ton S.
(iii) Forall a € §, the right action R,:S — § is a continuous mapping.

Left Topological Semi-Group:-

A left topological semi group consists of a,

(i) Semi group (§,%).
(ii) Topology ton S.
(iii) Forall a € S, the left action [,:S — S is a continuous mapping.

Right Topological Group:-

A right topological group consists of a,

(i) A group (G,%).
(ii) Topology t onG.
(iii) For each a € G, the right translation R,: G — G is continuous.
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Left Topological Group:-
A left topological group consists of a,
(i) A group (G,*).
(i) Topology t on G.
(iii) For each a € G, the left translation [,: G — G is continuous.

Para-topological Group:-

A para-topological group consists of a,
(i) A group (G,%).
(ii) Topology t onG.
(iii) Multiplication mapping m: G X G — G defined by, m((x,y)) =

x %y is continuous with respect to the product topology on
G XG.

Semi-topological Group:-

A semi-topological group consists of a,

(D) A group (G,%).
(ii) Topology t on G.
(iii) Left translation [,: G — G and right translation R,: G — G are

continuous for each fixed a € G.

+ Continuity defined in para-topological group is called “jointly
continuity” (~* x and y vary independently). And the continuity defined
in semi topological group is called “separately continuity” (- a is fixed).

+ Jointly continuous is always separately continuous (that is if
m:G X G — G is continuous then [,;:G — G & R,;:G — G is
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continuous for each fixed a € G). But a separately continuous may not
be jointly continuous.

Topological Group:-

A topological group (G,*,7) [((G,%),7)| isagroup (G,*)
together with topology 7 defined on G that satisfies the following two
properties,

(i) The multiplication mapping m: G X G — G defined by
m((x,y)) = x % y is continuous, where G X G is a product
topology.

(i) The inversion mapping I: G — G definedby I(x) = x ! VxeX,
is continuous.

Remark:-

(i) [s equivalently to: Whenever W C G is an open sub set and
(x % y)e W, there exit open set U containing ‘x’ and V containing
‘yinGsuchthat UxV c W.

(ii) [s equivalently to: Whenever W is an open set in G containing
x~1, there exit an open set U in G containing X’ such that,
I(Hew = UvUtlcw.

Note:-

Let (G,%) beagroupthenfor AS G; A~ = {xeG:x! € A}. And for
anysubset ACG, BEG; AxB={axb:aeAandb e B}.
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Topological Group (alternate):-

Let (G,%) be a group endowed with the
topology T on G, then (G,%,7) is called a topological group if for each
x,y € G, the multiplication mapping m: G X G — G defined by m((x,y)) =
x X y~1 is continuous.

Topological Group (alternate):-

Let (G,x) be a group endowed with the
topology T on G, then (G,%,7) is called a topological group if for each
x,y € G, and for each open set W in G containing x % y~!, there exit open sets
U and V in G containing x and y~! respectively such that, U x V=1 € G.

Example:-
Let G = {+i,+1}, Then (G,*)is a group,
t={p,G {1} {-1}.{1,-1}}
Verification:-
Llet x=1i, y=—i = yl=i
D xey =)0 =-1
Let xxyeW ={-1}, Let U=G, V=G (~onlychance of G).

DV 1I=6¢"1=6¢ & UeVi=GeG=G¢W={-1}
= (G,%,7) is not topological group.

Example:-

Let G = {£1, +i}, then (G, ¢) is a group and let,

t={p,G {1,-1},{i,—i}}
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Verification:-
let x=1i, y=—-i = yl=i
> xey =@ =-1
Let xxy=xey l=—-1eW ={1,-1}
Now x =ieU={i,—i} & y=—-ieV={,—-i} & V1={-ii}
D> UeV 1 ={i—i}e{—ii}={1-1}cW.
Similarly we can verify every pair of point and will notice U eV~ Cc W

= (G,%,T) is atopological group.

EXERCISE
Question:-

Every open set W in the product space can be expressed in product
of open sets U and V in the component space.

Example:-
Let 6 ={1,3,5,7} & 71={p G {1}{1,3,5}} then:

1) (G,©)g isagroup.
2) (G,t) is atopological group.
3) Also show that (G,(, T) is not a topological group.

Example:-

G ={1,w,w?}, t={p,1,G} verify for topological group.
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Question:-
Show that the following are topological groups;

1) (Z,4+,1t,) ; 1, isrelative topology with usual topology on R.
2) (R,+) with usual topology on R.
3) (R, TRJ is a topological group. (15t show (IR, +) is a group.

Note:-

(1) Let (G,x)isagroupand A,B € G then,
AxB={axb:aecA&Dbe B}

(2) A'l={a'eG:aecA}

(3) The group with discrete topology is always a topological group and
this topological group is simply called discrete group.

(4) Let (G,x) be agroup endowed with indiscrete topology then it is
always a topological group.

Lemma:-
Let (G,»,T) be atopological group then:

1) The map g — g~ !is ahomeomorphism of G onto itself.
2) Fix g e G thenthemap g +— g g, g — gg, are homeomorphism of G

onto itself.
Proof:-
(1) Letusdefine i:G — G byi(g) =g 'VgeG
[ is one to one:-
Let g1,9,€G & i(g)=g""

D>git=97" 2 gilg1=97'o
De=g'gn 2 Ge=9:97"0
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= g, = eg1 2 g2=01
= 1 is one to one.

[ is onto:-
Let g € G (codomain)
Then, by definition there exit g7le G s.t i(g) =(@ DN t=g
= 1 is onto.
Now by definition, i:G — G is continuous
Now, ii~! = id (identity mapping)
Since i is continuous, therefore, i~1:G — G is continuous.

Hence, i: G — G is homeomorphism.

(2) We have to prove that in a topological group every left translation
(right translation) is homeomorphism.

Let (G,»,T) be topological group.

Let g e G beafixed pointthen, [, :G — G is defined by;

l,b(g)=99 Vgea

[, is one to one:-

g,
Let g1,92€G s.t. 1l (91) =g (g2)

= g1 =9, =~ G isagroup and left (right) cancellation law holds
= I, isoneto one.

[, is onto:-

go

Let y € G (codomain) s.t. lgo(x) =y for some x € G.

D>gx=y =  glgx=gly
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Since G isagroupand g ,yeG

D9 leG & glyeG 2 xeG
=>lgo:G—>Gisonto

Now, 1st we show that [, : G — G is continuous.
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Let x € G be an arbitrary point, and let W be an open set containing g.

Since (G,e, 1) is a topological group, therefore there exit open sets

U &V containing g & x respectivelyin ¢ s.t. UV CW

> gVcuvew wgel
= lg(V) =gV cW v gl = lg(V)
= lg is continuous.

Now we show that lg_l: G — G is continuous.

Since, ;! = l,-t & l,1:G — G is continuous for fixed g leG

Hence, lg_lz G — G is continuous.

This proves that [;: G — G is homeomorphism.

Now, Let (G,e,7) be topological group.

Let g€ G be afixed pointthen, R, :G — G is defined by;

R, (9) =99, Vgea

R, isone toone:-

go

Let 91,9, €G s.t. Ry (g1) = Ry (g2)

= g1 =9, =~ G isagroup and left (right) cancellation law holds

= Rg is one to one.
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R

g, 1S onto:-

Let y € G (codomain) s.t. Rgo(x) =y for some x €G.

> xg,=y 2 x99, =g,
> xe =yg ! = x=yg !

Since G isagroupand g ,yeG
D>gleG & glyeG 2 xeG

Thatis for y e G (codomain) we have find x € G (domain) s.t. Rgo(x) =y
= RQO:G — G isonto

Now, 1st we show that Rgo: G — G is continuous.

Let x € G be an arbitrary point, and let W be an open set containing g.

Since (G,e, T) is a topological group, therefore there exit open sets
U &V containing g & x respectivelyin ¢ s.t. VUCS W

>VgecVUcWw vwgeu
= Rg(V) =Vg CcW v Vg = Rg(V)
= Rg is continuous.
Now we show that Rg_lz G — G is continuous.
Since, Rg_1 = Rg—l & Rg—1: G — G is continuous for fixed g_1 €G

Hence, R;': G — G is continuous.

This proves that R;:G — G is homeomorphism.

Theorem:-

Let (G,* 1) be a topological group and A,B are subsets of G. If A is
open and B is arbitrarythen AxB & B % A are open.
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Proof:-
Since A is open subset of G and Ry,: G — G is homeomorphism,
Therefore, R, is an open mapping.

= R,(A) = A% b isan open set.
= AxB = Uy A*B isopen.

Now, Since A is open subset of G and [,: G — G is homeomorphism,
Therefore, [, is an open mapping.

= [,(A) = b % A is an open set.
= Bx A= U,pb*A isopen.

Theorem:-

Let (G,»,T) be atopological group and S, is open base at the
identity e of G then:

€ Forevery UeB,, 3 VepB, s.t. V2 U.
@ For every Uef,, 3 Vef,s.t. V71 cU.
€@ For every Ue B,,andeveryxe U, 3 Ve B, s.t. VxS U.
O Forevery Ue B,,and xe G, 3 Ve, s.t. xVx~1 c U.
@ Forevery U,Vef,, 3 wef,s.t. wSUNV.
Proof:-
@Llet Ucp, ie. eclU
Now m:G X G — G is continuous,

Thus for every open set U in G containing ‘e’ there exit an open set W in
G X G containing (e,e)s.t. m(W) c U.
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Now every open set ‘W' in G X G can be expressed in the form V; X V, and

inthiscase VXV , V ep, such that, - Both sets G, G theretoreRiT

mW) =mV xXV)=V2cU. »» W containing (e, e)

= V,V containing (e, e)
= Ve

@Olet Uep, ie. eel. Pe

Since inverse mapping i: G — G is continuous, therefore for each
~l = ¢, thereexit V e G containing e such that,

U containing i(e) = e
iV)y=v-1tcu.
9 Since (G,e, 1) is a topological group,
Therefore 7,: G — G is homeomorphism.
Thus for each U € . and for each x € U, there exit V € 8, such that,
r.(V)SU or VxcU.
@ Since (G,e, 1) is a topological group,

Therefore l,:G — G & 1,:G — G are homeomorphism.

= L., 1, ' are continuous.
= r,lol, : G — G is continuous.

Thus for each U € , and for each x € G, thereexit Ve, s.t.
lel)WM)cUu =2 7Y(L,MW)cU.
2 7 l(xV)cU I~ xVx~1 cU.

O Let UVep,

Since B, is base at e, therefore, by definition of open base at e, there exit
wepP, s.t. wcunV.
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Theorem:-

Prove that every topological group (G,e, ) is a regular space.

Proof:-
Theorem:-A topological space
Let U be an open neighborhood of (X,7) isregular if f for each open
set Uin X and xeU there exit an
the identity e € G. openset V in X s.t.
Then there exit Ve, s.t. V2 cU. xeV cCl(V)<U.
Let xeCl(V) = VxnV =+
= a;x =a, , where, aj,a, €V
> x=ajla, e VV 1 =VV =12 v aq,a, €V
= xeV?cU v V2 eU.
= xelU 2 Cl(V)cU.
=

xeV cCl(V)cU.
Hence for each x € U, there exit openset V in X s.t.
xeVcCl(V)cU.

= G is a regular space.

Theorem:-

Let (G,e, T) be a right topological space, prove that for any base
B, = {ug:u e B,} isbaseof T atg.

Proof:-
Let B, be the base of the space (G, 1) ate.
We prove that 8, = {ug:u € .} is a base of the space (G,7) at'g’

Let W be any open set in (G, T) containing g.

Prepared By: MUHAMMAD TAHIR WATTOO (03448563284)
M.S. Mathematics From CIIT Islamabad


http://www.ranamath.com

www. RanalMat hs. comnr
Page |29

Since right translation Ty G — G is continuous, therefore there exit an
openset uef, s.t. ,(uw) €W

Dug CW: uep, = Ugew ug =W, uep,
= Every open set W containing ‘g’ can be expressed as union of ug:u € g,.

This proves that f, = {ug:u € B.} is base at ‘g’.

Theorem:-

Suppose that a subgroup ‘H’ of a right topological space (G,e, T)
contains a non-empty open subset of G, then prove that H is open in G.

Proof:-
Let u be a non-empty open subset of G s.t. u € H.
We prove that H is open.
Let a € H be afixed element.
Since right translation 7,: G — G is homeomorphism,
= 1,:G — G is an open mapping.
Hence r,(u) = ua is an open subset of H.
= ua S H = Ugey ua =H

Since each ua is open, therefore H is open.

Theorem:-

Let f:(G,»,t;) — (H,»,Ty) be ahomeomorphism of left topological
groups. If f is continuous at the neutral element e; of G, then f is
continuous on G.
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Proof:-
Let x € G be arbitrary point.

Let O be an open set containing y = f(x) in H.

Since left translation [,: H — H is homeomorphism of H.
This implies there exit an open set V containing ey s.t. [,(V) €0
Or yV €0

Since f is continuous at e;, therefore there exit some open set u in G
containing e; s.t. f(u) € V.

Again, since [,: G — G is homeomorphism, therefore the set [, (u) = xu is
open in G containing x.

Consider f(xu) =f(x)f(w)=yV <o “fx)=y & flwycVv
= f is continuous at x.

= f is continuous at G.

Assignment No. 1:-

Let (G,») be agroup and B, be afamily of subsets of G
satisfying conditions:

€ For every UeB,, 3 VepB, s.t. V2 CU.

@ For every Uef,, 3 Ve B, s.t. V1 cU.

€@ For every Ue B,,andeveryxe U, 3 Ve B, s.t. VxS U.
O Forevery UefB,,and xeG, 3 VeB, s.t. xVx~ ' € U.

@ Forevery U,Vef,, 3 wef,s.t. wSUNV.
@ {e} = nBeﬁe B
Prove that the family g, = {Bu:u € 8.} is a base fora T;-topology t on G.

Further prove that with this topology t, (G,e, T) is a topological group.
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Proof:-

Let B, be afamily of subsets of G such that conditions (i) — (iv)
holds.

Let 7 be the family of all subsets w of G. satisfying the condition.
Foreach x e W, thereis Ue S, s.t. Ux S W

() p,Get
(ii) Let ¥ be the collection of open sets i.e. y = {w;: w; € t}. Then
X € Ujey w; = x € w; forsome i
So, thereis U € ., suchthat Ux C w; v OWET

= Ux € Uy w;
= Arbitrary union of open sets is open.

(iii) Let wi, w, €T andput w = w; N w,
We have to prove w € 7.

Take any x € w. There exit U; € §, & U, € B, suchthat U;jx © w; and
sz - wy.

From (v) it follows that, thereis U e S, suchthat U < U; N U,

Then Ux € UixNUx € wiNwy =w

= Ux € w1Nw; =w

Hence w e T and 7 is atopology on G.

Now, Let xe G and U €[5,

Takeany yeUx, then yx 'eU

By (iii) there is an element V € 8, suchthat Vyx "' c U = Vy c Ux
Hence Uxert

Soforeach xe G and Uepf,, Uxer.

Property (iii) and above line implies the family g, = {Ua:a e G,U € §,} isa
base for the topology 7.

Hence 1€ Tg,
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Now, we are to show that the multiplication in G is jointly continuous with
respect to the topology .

Let a & b be arbitrary elements of G, and O be any element of 7 such that
ab € 0, then there exit w € , such that wab € 0

It suffices to find U € B, and V € S, such that UaVb € wab
Or equivalently UaV S wa or U(aVa™)cw
Now we are going to choose U and V
By (i) choose Uef, s.t. U>’C w
By (iv) choose Vep, s.t. aValcU
Then we have
Ul@Va ) cUUCU? Cw
= U(aVa™) cU? cw
= UaVaH)cw = UaVb S wab
Thus the multiplication in G is continuous with respect to the topology .

In particular all right translations of G are continuous and the space G, 1) is
homogeneous.

Let beG and Vep,

Toshow bVert

Takeany yebV = b lyeV

By (iii) there is an element we B, s.t. wh™lycV
Also by (iv) thereis Uef, s.t. b 'Ub S w

Therefore b='Ubb~ 'y Cwb™lycV = b lUbcV
= Uy c bV =z bV et

Now, we are to show that i:G — G definedby i(x) =x~! VxeG is
continuous.

To show this we show that i~':G — G is an open mapping.

Let Uaet 2 i~Y(Ua) = a U
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Since forall beG and Vef,, bVert

So it suffices to verify that U™! e 7.

Take arbitrary x e U™! then x7 ! eU

By (iii) Vx™! € U for some Vep,

By applying (ii) choose wep, s.t. wi cV

Then wilxlcUx'lcU 2 xw=(@xHlcyu!
And xw is an open neighborhood of x in (G,7) so U lert

= alUter

So (G, 1) is atopological group.

Also by (iv) and homogeneity of G imply that the topology 7 satisfies the T;-
separation axiom.

This completes the proof.

Theorem:-

Prove that every subgroup H of a right (left) topological group is
closed as well.

Proof:-
Let H be an open subgroup of right topological group (G,e, 7).

Since right translation 7,: G — G is homeomorphism, therefore for each
aeG; r,(H) = Ha isopenin G. (Alt)

Let y = {Ha:a € G} then y forms the partition of G.
= Every element of y isclosed setin G and hence H = Ha is closed in G.

(Alternate) Uges gy Ha is open and hence,

{Uaeg _{e}Ha}' = H is closed.
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Homogeneous Topological Space:-

A topological space (X,7) is said to be
homogeneous if for each xeX and for each yeX, there exit a
homeomorphism f: X — X s.t. f(x) =y.

Theorem:-

Prove that every right topological group (G,e, ) is a homogeneous
space.

Proof:-
Let x,yeG

Put z = x 1y € G. Then right topological group has the property, there exit a
homeomorphism R;:G — G and R;(x) = xz

> Ry =x(x'y)=(@xDy=ey=y

= This is a homogeneous space.

Theorem:-

Let (G,»,7) be a topological group and H be a subgroup of G,
Prove that CI(H) is a subgroup of G.

Proof:-
Let g he H
We need to show, (i) gheH (i) hteH
() Let U be an open neighborhood of gh.
Let m: G — G be the multiplication mapping which is continuous.
So, m~1(U) isopen G X G, and (g,h)e m~1(U)

This implies, there exit open set V; containing g and V, containing h such
that, V; XV, € m~1(U)

Now, since geV; & geH, therefore V;, N H # .
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Say xeVinH 2 xeH
And heV, & heH, therefore V,NH # ¢
Say yeV,nH 25 yeH
= x,y € H, Since H is asubgroup therefore xy e H
Andsince (x,y)em Y (U) 2 m(x,y)=xyelU
= UNH#¢@

This proves that gh e H

(i) Now for he H, weshowthat h™le H
Since inverse mapping: G — G is continuous (- G is topological group)
Let h™! e W; where W an open neighborhood of is h~1,
Then i(W) = W™ is open subset containing h.
Since h € H, therefore W' n H # .
Let zeW™1nH 2 zleWnH+¢ = hleH

By (i) and (ii) we conclude that H is a subgroup of G.

Theorem:-

If (G,»,7) be a topological group and K; & K, are compact subsets
of G then prove that K; K, is compact.

Proof:-

Let (G,»,7) be a topological group and K; & K, are compact subsets
of G.

Then K; X K, is compact subset of G X G. Since m:G X G — G is
continuous and we know that continuous image of a compact set is compact.

Therefore m(K; X K,) = K;K, is compact.

PREPAIRED BY

MUHAMMAD TAHIR
M.S. MATHEMATICS

Prepared By: MUHAMMAD TAHIR WATTOO (03448563284)
M.S. Mathematics From CIIT Islamabad


http://www.ranamath.com

www. RanaMat hs. cormr
Page |36

Connected Spaces

Definition:-

Let (X,7) be atopological space. A separation of X is apair U,V
of disjoint non-empty open subsets of X whose unionis X.

Connected Set:-

A setis connected if it is all in one piece. i.e. it does not
comprise on two or more than two separated pieces.

Connected Space:-

A topological space (X,7) is said to be connected if it
cannot be expressed as union of two non empty disjoint open sets.

i.e. there does not exit open sets U,V such that U+ ¢, V # ¢ and
vulv =X, UnV =oe.

Note:-
A space which is not connected is called disconnected.
Note:-
(i) On the real line an interval is one piece, and therefore it is
connected.
(ii) The set (0,1) U (2,3) consists of two separated pieces and is
disconnected.
(iii) Each point on the real line is in one piece {x}, therefore each

point set is connected subset of R.
1

(iv) (0,1) — {E} is disconnected.

v) Every indiscrete space T = {¢, X} is connected.
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(vi) Every discrete space 7 = P(X) is disconnected.

Characterization of connected spaces:-

In a topological space (X,t) the
following are equivalent.

(i) X is connected.
(ii) The only open and closed subsets of X are ¢ & X.
(iii) There does not exit a continuous mapping f: X — {0,1}, where

topology on {0,1} is discrete.
Proof:-
() —(ii)
Let X is connected.
We prove that ¢ and X are the only clopen sets.

Assume contrary, i.e. there exit a non-empty set A which is open as well
closed.

= A+ ¢, A isopen
Again A is closed gives that (X — A) is non-empty open set such that,
AUX-A) =X, AnX—-A) =9
z X isdisconnected.
A contradiction. Hence the only open and closed sets are ¢ and X.
(i) — (iii)
Let ¢ & X are the only open and closed subsets of X.

We prove that there is no continuous function f:X — {0,1} with
7= {0, {0}, {1}, {013},
Assume contrary, i.e. there is a continuous function g:X — {0,1} with

topology © = {¢,{0},{1},{0,1}}.
Then g~1({0}) # ¢ isopenin X.And g 1({1}) # ¢ isopeninX.

Prepared By: MUHAMMAD TAHIR WATTOO (03448563284)
M.S. Mathematics From CIIT Islamabad


http://www.ranamath.com

www. RanaMat hs. cormr
Page |38

gropugt{@h =gt(3u{1P =g {01H =X

Now consider, g7'({(0) N g7 ({1D =g7' {0} n{1N =g (@) =¢
= There exit other than ¢ & X open sets which are open as well closed.
This contradicts (ii)
= Our assumption is wrong.
Therefore, no such continuous function exit.
(i) — (1)

Let there be no continuous function f:X — {0,1} with discrete
topology.

We prove that X is connected.

Assume contrary, i.e. X is disconnected. Say A, B form the disconnection
of X i.e. X=AUB, ANB=¢. And A # ¢ open, B # ¢ open.

Define g: X — {0,1} by

(0 if x €A
g(x)_{1 if x €A

Then g is continuous and onto. A contradiction.

Hence X is connected.

Theorem:-

Prove that the continuous surjection image of a connected space is
connected.

Proof:-
Given that, (i) (X, 1) is connected space.
= X cannot be expressed as union of two non-empty disjoint open sets.
(i) f:X — Y isonto + continuous.
We have to prove Y is connected.

Suppose on contrary that Y is disconnected i.e. Y = AU B;

Prepared By: MUHAMMAD TAHIR WATTOO (03448563284)
M.S. Mathematics From CIIT Islamabad


http://www.ranamath.com

www. RanaMat hs. cormr
Page |39

A+ , B¥fo And ANB=¢

A & B areopenin Y.
Since f is continuousso f~1(A) isopen # ¢ & f~1(B)isopen # ¢
fRAUFIB)=f(AUuB)=f"'(Y)=X and

AN B =fTAnB) =fp) =0

2 f~1(4) & f~1(B) forms separation of X.

5> X is disconnected. A contradiction.
So our supposition is wrong.

= Y is connected.

Disconnected Subspace:-

A subspace Y of a space (X,7) is disconnected if
there eit open sets G,H of X such that,

YnG+¢ , YNH=#=¢ And
YNnGO)U(YnH)=Y & (YnG)N(YNH)=¢

Exercise:-
Prove that the continuous image of a connected subset is connected.
Proof:-
Let X be a connected space and f: X — Y be a continuous function.
To prove f(X) is connected.

Suppose on the contrary that f(X) is disconnected. Then there exit two open
sets (non-empty) A& B in f(X) suchthat AUB=f(X) & ANB=¢

Nowas A & B areopenin f(X)and f is continuous function.
So f71(A) & f~Y(B) areopenin X.
Further f~1(A) U f~1(B) = f1(AuB) = F1(f(X)) = X.
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And fHANfIB)=fTANB)=f"p)=¢
5> X is disconnected.

Which is a contradiction? Because X is connected.

So our supposition is wrong.

Hence f(X) is connected.

Theorem:-

Prove that a topological space (X, 1) is connected if and only if no-
proper non-empty subset of X is both open and closed.

Proof:-

Suppose A # ¢ is a proper subset of X which is not both open and
closed.

We prove that X is connected.

Suppose on the contrary that X is disconnected.

As X is disconnected then there exit two open sets A and B such that
AUB=X & ANB=g

Now as Ais open and also as AUB=X & ANB=¢ So by law of
compliments B = A’

Also B isopenimplies A" isopen. = A is closed.
= A is both open and closed.
A contradiction, So our supposition is wrong.
Hence X is connected.
Conversely,
Let X is connected.

We have to prove that no-proper subset (non-empty) of X is both open and
closed.
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Suppose on contrary that a non-empty subset A of X is both open and
closed.

Let B=A". As A isclosed 2> A" isopen = B isopen.
2 A & B areopenin X with,
AUB=AUA =X And ANB=AnA =¢
= X is disconnected.
A contradiction. So our supposition is wrong.

So there does not exit a proper non-empty subset of X which is both open
and closed.

Component of a Topological Space:-
Let (X,7) be topological space. A maximal
connected subset of X is called a component of X.

» A component of X is aconnected subset of X which is not properly
contained in any bigger connected subset of X.

Note:-
If X itself is connected, then the only component of X is X itself.

Totally Disconnected Space:-

A topological space (X, 1) is said to be totally
disconnected if and only if all non-empty subsets (which are not one point
subsets) are disconnected.

Example:-
Every discrete space is totally disconnected.

Theorem:-
A totally disconnected space is housdorff.

Proof:-

Let (X,7) be atotally disconnected space.
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Let x,yeX s.t. x+#y, Then by definition there is a disconnection
AB of X s.t. x€eA, yeB and A, B areopenin X.

= X is housdorff.

Example:-

Let X = R* & Y={(x,y):y=O}U{(x,y):x>0andy=l}

X

Then Y is disconnected because,

1
A={(x,y):y=0}, B ={(x,y):x>0andy=;}

Then AnNB=¢, AUB=Y.

Theorem:-

Let (X,7) be topological space. If the sets € & D forms a
separation of X and if Y is connected space of X, then Y lies entirely withen
either C or D.

Proof:-

Since C and D are both open in X, the set CNY and D NY are open
inY.

These two sets are disjoint and there union is Y.

If they both are non-empty, then they will form a separation of Y.
But Y is connected, therefore either CNY =¢@ or DNY = ¢

If CNY=¢ then YC D else Y € C. (Proved)

Theorem:-

Prove that the union of a collection of connected subspaces of a
topological space (X, ) that have a pointin common is connected.

Proof:-
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Let {A,: a €V} be a collection of connected subspaces of a topological
space (X,7).

Let pe NgevA4,: Weprove that Y = U,.yv4, is connected.

Assume contrary, i.e.Y is disconnected.

Let Y = C U D, where C,D non empty open subsets ofare X s.t. CND = ¢
The point pe C or peD.

Suppose p € C, Since A, is connected. It must lie entirelyin C i.e.

A, €CVaeV Y=UAa§C

Contradicting the fact that D is non-empty.

Hence Y is connected.

Theorem:-

Let Abe a connected sub space of a topological space (X,7). If
A S B € CI(A) then B is also connected sub space of X.

Proof:-
We prove that B is connected.
Assume contrary that is, let B is disconnected.

Hence B =CU D, where C,D are non empty open sub sets of B and
CND=o¢.

Since AS B=CUD and A is connected. Therefore, A must lie entirely in
C or D.

Suppose that A € C, then A € C.Since C and D are disjoint.
= B cannot intersect D. This contradicts the fact that D = ¢.

Hence the proof.
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Theorem:-

Prove that a finite cartesian product of connected spaces is
connected.

Proof:-

We prove that the Cartesian product of two connected spaces is
connected.

Let aXbeX XY. Then horizontal slice X X b is connected being
homeomorphic with connected space X.

The vertical slice x XY is connected being the homeomorphic with the
connected space Y.

This implies, T, = (X X b) U (x X Y) is connected.

Because union of connected spaces is connected if they have a point in
common. And in this case x X b is a common point.

Now, X XY = U,y T, is connected.

Theorem:-
Prove that the real line R with the usual topology is connected.
Proof:-
Assume contrary that is real line R is disconnected.
Let U,V are non-empty open setssuchthat UUV =R & UNV = .
i.e. (U,V forms adisconnection of R).
Let xeU & yeV. Assume x <.
Let G=UN[x,y] & H=Vn][x,y]
Then GUH ={Un[x,y}Bu{Vnix,y]}=WUUV)n|[x,y]
= Rn[x,y] =[xyl

Now G is bounded above by 'y’ and by the least upper bound property of R,
G has least upper bound say c € R.

Prepared By: MUHAMMAD TAHIR WATTOO (03448563284)
M.S. Mathematics From CIIT Islamabad


http://www.ranamath.com

www. RanaMat hs. cormr
Page |45

Then, x < ¢ <y. We derive a contradiction by showing that ¢ € H.
Assume that c € H.

Since x € H and H is open in [x,y]. It implies that there exit d € R such
that x <d < c and (d,c] € H.

= d is an upper bound of G.And d < ¢ = [, (G).
A contradiction and thus ¢ € H.

Similarly we can show that ¢ € G.

But ce[x,y] & GUH = [x,y]

With the final contradiction it follows that R with the usual topology is
connected topological space.

Assignment No. 2:-

Prove that a sub space X of R is connected if and only if X
is an interval.

Proof:-
Suppose X is connected.
To prove X is an interval.

Assume on contrary that is X is not an interval, then there exit x,y,z such
that x <y <z and x,ze X & y & X.

Now, ] —oo,y[ and ]y,oo[ are openin R.
= ]—o,y[NX & ]y, o[NX areopenin X with,
(]=o,y[nX) U(ly,o[NX) =(]—00,y[U]y,0[)NnX
=R-{yhnx=X
And (] —oo,y[nX) N(ly,o[NX) = (]=-o,y[N]y,[)NX
=pNX=¢
= X is disconnected. Which is a contradiction.

So our supposition is wrong. Hence X is an interval.
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Conversely,
Suppose X is an interval.
To prove X is an connected.

On the contrary suppose X is disconnected. Then there exit two non-empty
open disjoint subsets A and B of Xsuchthat AUB=X & ANB =q¢.

Let aeA & beB.
As ANB=¢ 5 a#b.
Let a < b. Put y = Sup([a, b] N A).

Then by definition of supremum for every & > 0, there is some point a in A
suchthat y—e<d & y—a <e & d(ya)<e

2 de B(y,¢)
So every open ball with centre at y contains a point of A different from y.
= y is limit point of A.
As A isalsoclosedso y e A, Similarly y € B.
2 ANB+g
Which is a contradiction. so our supposition is wrong.

Hence X is connected.

Path:-

Let (X,7) be a topological space. Let x,y € X. A path in X from x toy
is a continuous map f:[0,1] — X suchthat f(0) =x & f(1) =y.

Path Connected Space:-

A topological space (X, ) is said to be path connected
if every pair of points of X can be joined by a path in X.

A sub set ‘A’ of a topological space X is path connected in X if A is
path connected in the subspace topology.
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Note:-

Every path connected space is connected. Converse is not true in
general, that is a connected space may not be path connected.

Example:-
The unit ball (B™ in R") is path connected.
Define the unit ball B™ in R"™ = X by the equation B"™ = {x e R": |x| < 1},

where |x| = x? + x5 + x2 + -+ + x2

Let x,y € B". Define a straight line path f:[0,1] — B™ such that
fOO=AQ-x+ty; 0<t=<1
= f(0)=x, f(1)=y liesin B* =& |f(H)|<1

Note:-

Every open ball B;(x,e) and every closed ball in R" are path
connected.

Example:-

Punctured Euclidean plane R™ — {0}, for n > 1 is path connected,
where ‘0’ is the origin in R".If n > 1, this space is path connected.

Given x & y different from 0, we can join x & y by a straight line path
between them if that path does not pass through the origin. Otherwise we can
choose a point z not on the line joining x and y and take the path from
x to z and then from z to y.

Theorem:-

If (X,7) is path connected and f:X — Y is a continuous function,
then f(x) is path connected.

Proof:-
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Let f(x), f(Wef(X) = x,yeX and X is path connected.
This gives that there exit a path A:[0,1] — X such that A(0) = x, A(1) =y
Since composition of two continuous functions is continuous therefore,
foA:10,1] — f(x) is continuous and foA (0) = f(/l(O)) = f(x)
And fod (1) = f(A(D)) = f(y).
This proves that f(X) is path connected.
= Path connectedness is a topological property.

(- Homeomorphic image of a path connected space is path connected).

Theorem:-
If (X,7) isapath connected space, then prove that it is connected.
Proof:-
Let (X, 1) be a path connected space.
We prove this theorem by contradiction.

Let (X,7) is disconnected. Then there exit non empty opensets U & V in X
suchthat UnV =¢ & UUV =X.

Let aelU & beV andlet f:[0,1] — X be apath from a — b.

Then f~1(U) & f~1(V) are non empty disjoint open sub sets of [0,1] such
that [0,1] = f~'(U) U f~H(V)

This gives that [0,1] is a disconnected set. A contradiction.

Hence (X, 1) is connected.

Theorem:-

Let (X,7,) & (Y, Ty) be path connected spaces. Prove that
(X X Y,7) is a path connected space. Where 7 is the product topology.

Proof:-
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Let (x1,¥1) & (x,,¥,) be pointsof X XY.
Since (X, t,) is path connected, so there must exit some path 1;:[0,1] — X
Suchthat 4;(0) =x; , 4;(1) = x

Again (Y,Ty) is path connected, therefore there must exit some path
A,:[0,1] = Y suchthat 4,(0) =y; , 4,(1) = y,.

Now define (1; * 2,):[0,1] = X X Y by (44 = 2,)(t) = (11(2), 1,(1))
Then A; * A, is continuous mapping, also
(A4 % 22)(0) = (21(0),2,(0)) = (x1,y1) = 2

And (A4 * 2)(1) = (/11(1),12(1)) = (x2,¥2) = 2,
5> X XY is path connected with respect to the product topology.

Theorem:-

If {A;:i e N} is a collection of path connected subsets of a space
(X,t) and N;y 4; # @. Then U,y 4; is path connected.

Proof:-
Let x,y € Uy 4; 2 x€e€l;1, YEA,

Let ze NienA; @ 2 z€eAy , z€Ap

5 x,z € A;; path connected. Therefore there exit some path

A:[0,1] = 44 s.t. 44(0)=x, 14(1) =2z
Again z,y € A;; path connected.
2 1,:[0,1] = 4;, s.t. L0)=z, 1,1 =y

Let A; * 1,:[0,1]— U,y 4;. Define a function
A1(2t) ;0 0<t< %

(A1 * A,)(t) = 1
B@t-1) ; F<t<1
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Then obviously A; * 4, is continuous.
Then clearly (A4 *4,)(0) =2,(0) =x

& M*)M)=41L2-D=1L10)=y
5 U,y 4; ispath connected.

Heridity Property:-

Prove that the sub space of a path connected space is path
connected.

Proof:-

Locally Connected Space:-

A topological space (X,7) is said to be locally
connected at x € X if for every neighborhood U of x, there is a connected
neighborhood V of x contained in U.

If X is locally connected at each of its points then it is simply called
locally connected space.

Locally Path Connected Space:-

A topological space (X, 1) is said to be locally
path connected at x € X if for every neighborhood U of x, there is a path
connected neighborhood V of x contained in U.

If X islocally connected at each of its points then it is simply called
locally path connected space.

Example:-
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Each interval in the real line is both connected and locally connected.

The subspace [—1,0) U (0,1]. This subspace of R is not connected, but it is
locally connected.

Theorem:-

Prove that a topological space (X, 7) islocally connected if and only
if each component of each open set is open.

Proof:-
Let (X,7) be alocally connected space.
Let U e 1. Let C be acomponent of U.

Let p € C. Since space is locally connected, therefore there is a connected
neighborhood V of p s.t. VCU.

If V€ C, then C isthe proper subset of the connected set V U C, therefore
IV € C and hence C is open.

Conversely,
Let each component of each open set is open.
We prove that X islocally connected.

Let p € X andlet U be a neighborhood of p. then the component V of U
that contains p is a connected neighborhood of p s.t. V C U.

5 (X,1) islocally connected.
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Compact And Locally Compact Spaces

Covering / Open Cover:-

Let (X,t) be a topological space. A collection
{U,: a € V} of subsets of X is called cover of X if X = U,y U,.

The cover {U,: a € V} is called

(1) Open cover if foreach a eV, U, €.
(ii) Countable cover if it is a collection of countable subsets of X.
(iii) Finite cover if V is a finite set.

(iv) If B is a base for T and U, € f then the covering {U,: a € V} is
called basic open cover of X.

v) Similarly if § is a sub base for 7 and U, € S, then the covering
{U,: a € V} is called sub basic open cover of X.

Compact Space:-

A topological space (X, 1) is said to be compact if for every
open cover {U,: a € V} of X, there exit a finite subset V. of V such that,

x=|Ju.

ae Vo

Heine Boral Property:-

Heine Boral property of the set of real numbers R is: If
X is aclosed and bounded subset of R, then any class of open sets of R whose
union contains X has a finite sub class whose union contains X.
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A collection C = {C,: a € V} of sub sets of (X, 1)
is said to have the finite intersection property if every finite sub collection
{C,C5, ...,C,} of C theintersection C; N C, N ..N C, # .

Theorem:-

Let (X,7) be a topological space, then X is compact if and only if
for every collection C of closed sets of X having finite intersection property,
has non empty intersection.

Proof:-

Let X be a compact space and let C = {C,: @ € V} be a collection of
closed sets of X having finite intersection property.

To prove NgevCy @
Assume contrary, that is NgevCo = @
:>(ﬂca>=go’ = Uca’=x
aeV aeV

Now, {C,: a € V} is the collection of closed sets, so {C,: a € V} is a collection
of open sets with U,.vC, =X 2 {C,:a €V} isan open cover of X.

As X is compact, So this open cover has a finite sub cover say

! I

{Cays CayrevnrCy, } thatis X = UL, Cy,

2 X = (Ui, Cc,xl-) = @ =N (C)

n
= (p:ﬂ' 1Cai
i=

I {Cal,Caz,...,Can} is a finite sub collection of {C,: a € V} with empty

intersection.

5 {C,:a €V} does not satisfies finite intersection property, which is a
contradiction, So our supposition is wrong and hence

ﬂ%ﬂﬂp
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Conversely,

Let every collection of closed sets with finite intersection property
has non empty intersection.

To prove X is compact.

Let {U,:a € I} be an open cover for X. i.e. Ugg U, = X.

!

> (UUa> X 2 ﬂu;qp

ael ael

2 {U,:ael} is a collection of closed sets with empty intersection then by
given hypothesis {U,: a € I} does not satisfies finite intersection property.
Then there exit a finite sub collection {U;l,U(;Z,...,U(;n} with empty

intersection.

= {Ua1» Ugy Ugyy oo Uan} is a finite open sub cover for X.
= X is compact.
Alternate,
Assume that for any finite sub set V, of V, we have

XiUUa

aeV,

2 Neev, U, #¢ i.e. {U;:aeV,} where V, is a finite subset of V and
U,, is closed subset of X Va eV,.

By given condition N,y Ua’ @ 2 UgvU, # X, A contradiction.

Hence X is compact.
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Theorem:-

The continuous image of a compact space is compact/ Compactness
is a topological property/ Hmeomorphic image of a compact space is compact.

Proof:-
Let X be acompactspaceand f:X — Y be a continuous function.
To prove f(X) is compact.
Let{U,: a € I} be an open cover for f(X)i.e. f(X) = Uy Uy
As U, isopenin f(X) and f is continuous,so f~1(U,) isan opensetin X.

Also U, is open in f(X) and f(X) is a subspace of Y so there exit an open
set V, inY suchthat, U, =V, n f(X)

2 U, cV, UUaQUVa = f(X)EUVa

ael ael ael
= ng—l( Va> 2 Xc| |ff'v)ex
J J
» x=|Jrw

ael
As V, isopenin Y and f is continuousso f~1(V,) isopenin X.
2 {f~1(V,: a € I} is an open cover for X.

As X is compact so there exit a finite sub cover say

U1 TR, IR} of (T (Vi a e 1} thatis

n

X= Lnjf—%vi) 2 X=f" (Uv) 2 fON Uv
i=1 i=1 i=1

n n

® f0C (U Vi> o 2 fme| Junrm)

» foelJucerw = rm=|]Ju
i=1 i=1
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= f(X) is compact.

Theorem:-

Every closed sub space of a compact space is compact/ Closed
Heridity property.

Proof:-

Let X be a compact space and Y be a closed subspace of X.

To prove Y is compact.

Let {U,:a € I} be an open cover for Y. As U, isanopensetin Y and Y isa
sub space of X so U, =V, NY where V, isanopensetin X.

Now,

ael ael
=2 YC v, = X=YUY§UVUY cX
ael ael
s x=||vuy

As Y isclosedin X. 2 Y  isanopensetin X.
2 {Y',V,:ael} isanopen cover for X.

As X is compact so this open cover has a finite sub cover say
{Y' Vu,Va, . Vi, }. therefore X = U, V, UY’

Now,

S
S

-~
Il
[uny
—
Il
[uny

S
S

Vai)nY s vc| |, ny)

~
I
[U=N
~
I
[u=N
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s vcl| |u,cy ¢ Y=UUai

i

i=1 i=1
= {Ua1: Uays - Uan} is a finite sub cover for Y.

5 Y is compact.

Theorem:-
Prove that every compact sub set of a Housdorff space is closed.
Proof:-
Let X bea T,-Spaceand C be a compact sub set (sub-space) of X.
To prove C is closed. For this we have to prove C is an open set.
If C'=¢ 2 C( isanopen set.
IfC #¢, Let xeC 2 x&C

As we know that in a T,-Space any point and a disjoint compact sub space of
X can be separated by open sets, then there exit two open sets say U, & V,
suchthat xeU, & CC<SV, and U,NV, =

5 (cUu, o U{x}CUU

xeC' xeC'
2 (¢ UUx_C 2 (= UU
xeC' xeC'

(' isanopenset. = C isclosed.

Theorem:-

Let (X,7) be a compact space and (Y,U) be a Housdorff space and
f:X — Y isacontinuous function then prove that f is closed mapping.

Proof:-

To prove f is closed mapping.
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As we know that the continuous image of a compact space is compact.

As f is continuous and C be a compact then by above theorem f(C) is
compact.

Also we know that the compact subspace of a Housdorff space is closed
= f(C) isclosedin Y.

Also closed subset of a compact set is compact.

As C isclosed sub set of X thatis compact space.

Hence C is closedin X.

= f(C) isclosedin Y.

= f is closed mapping.

Hence the proof.

Theorem:-

Let (X,7) be a compact space. Let (Y,U) be a Housdorff space and
let f is continuous surjection then prove that f is a quotient mapping.

Proof:-

9

Continuous mapping may not be a
quotient mapping, where as every
quotient mapping is continuous.
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Theorem:-

Let (X,7) and (Y,U) be compact spaces, then prove that X X Y is
compact.

Proof:-
Let G = {U:U € t4«y} be an open cover for XXY.
Foreach x € X, G isacoverof {x} X {Y} by sets that are openin X X Y.

There is a neighborhood V, of x and a finite sub collection E, of G such that
V. XY Cc U U
xeFy

Since {V,:x € X} cover X.Since X is compact therefore there exit a finite sub
set F of X suchthat {V,:x € F} cover X.

Let © = U,r U,.

Since g is finite union of finite collection of G. This provesthat X XY is
compact.

Note:-
(i) All finite spaces are compact.
(ii) Every co-finite space is compact. (Co-finite Space:- if u € T then

u’ is finite)

(iii) R with the usual topology is not compact.

(iv) No infinite discrete space is compact.

v) A subset of a compact space need not to be compact. (If closed
then compact).
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Theorem:-
Any finite union of compact sub sets of a space X is compact.
Proof:-
We prove the theorem for only two sub sets of a space X.

Let A & B be compact sub sets of X. We prove that A U B is compact
sub set of X.

Let {U,: @ € V} be acoverof AUB bysets U, openin X. i.e.

AUB=UUa
:>A§UUa & BQUUa

aeV aeV

Since A is a compact sub set of X, therefore there exit a finite sub set
V, of V such that,

Let V,=V, UV, then V, isa finite sub set of V and

AUBQUUa

aeVy

5% AU B is compact.
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Example:-

Let X =R and
F={.,(—%,—-2),(—%0,—1),(—,0),(—,1),(—,2),...}. Then F has
finite intersection property.

Theorem:-
The following are equivalent in a topological space (X, 1)

() X is compact.
(ii) Every class of closed sets with empty intersection has a finite sub
class with empty intersection.

Proof:-

Let X is compactandlet {C,: a € I} be a class of closed sets in X with

naeICa=<p'
:»(ﬂcazq)):go’ = UC“ =X

ael ael

As C, is closed. This implies that C,, is openin X.

{C,: a €I} is an open cover for X. As X is compact so there exit a finite
sub cover say {C,;l, C{;z, e Can} of {C,: @ € I} thatis,

n n '
Ucai'=x = (U cai'> =X
i=1 i=1
n
= ﬂ Co, =@

i=1

Conversely,
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Suppose in a topological space X each class {C,: a € I} of closed
sets with empty intersection has a finite sub class with empty intersection.

To prove X is compact.

Let {U,: a € I} be an open cover for X i.e.

X:UUa = X’=<UUQ>
ael
= g0=ﬂUa'

As U, is open then U, is closed set so {U,:a €I} is class of closed sets with
empty intersection. So by given condition there exit a finite sub class say

{Ug, Uqy,..., Uy } with empty intersection.

!

n n
= ﬂUai’=<p = (ﬂ Uai’> =¢
i=1

i=1
n
= U Ug, =X
i=1
= {Ua1» Ugy Ugyy oo Uan} is a finite open sub cover for X.

= X is compact.

Lindelof Space:-

A topological space (X,t) is called a Lindelof space if every
open cover of X contains a countable sub covering of X.

Note:-

Every compact space is Lindelof space, where as a lindelof space may
not be a compact space.
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Locally Compact Space:-

A topological space (X,7) is said to be locally
compact space at p € X if there exit an open set U and a compact set K of X
such that pe U C K.

The space (X, ) is said to be locally compact if it is locally compact at each
point of X.

Note:-

Ever compact space is locally compact, where as a locally compact space
may not be compact.

Example:-

R with the usual topology is locally compact but not compact.

Theorem:-

Let (X,t) be a housdorff space and p e X. Then X is locally

compact at p if and only if there is a neighborhood U of p such that U is
compact.

Proof:-
Let X be locally compactat p € X.

Then there exit a compact set K and an open set U containing U such that
pelU C K.

Since K is compact sub set of the housdorff space X, therefore K is closed

i.e. K =K.
Now, UCK = UC K=K
Since U is a closed sub set of a compact set K, therefore U itselfis compact.

Conversely,
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Since pe U C U, where U is compact.

Therefore X islocally compact at p.

Theorem:-

Every closed sub space of a locally compact housdorff space is
locally compact.

Proof:-

Theorem:-

Let (X,7) be a topological space then X is locally compact
Housdorff if and only if there exit a space Y satisfying the following
conditions,

1) X is sub space of Y.
2) The set (Y — X) consists of a single point.
3) Y is compact housdorff space.

If Y & Y are two spaces satisfying these conditions then there is a
homeomorphism of ¥ & Y’ that equals the identity map on X.

Proof:-
Let X be alocally compact housdorff space.
Step I:- First we prove the uniqueness of Y.

Let Y & Y  be two spaces satisfying conditions 1 to 3. Define h:Y — Y by
h(p) =q, where peY—-X & qeY —X

And h(x) =x V xeX.

To prove h is homeomorphism it is sufficient to prove that h is an open
mapping.
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Case 1:- Let U be an open sub setof Y s.t. p & U, Then by definition of h,
h(U) =U.

Now Uisopenin Y and U C X.
5 U=UnNnX isopenin X.

Now Y is housdorff space. This implies Y  is a T;-space so singleton sets are
closedin Y. Hence {q} isclosedin Y. Thus Y —{q} = X isopenin Y .

This proves that U is openin Y .

Case 2:- Let U be anopensubsetof Y s.t. peU.

Since Y — U = C isclosedin Y.

Since Y is compact, therefore C is compact sub spaceof Y and C € X.
Therefore C is compact sub space of X.

Now X is sub space of Y so C is compact sub space of Y'. Because Y is
housdorff, therefore C is closed sub space of Y . And hence Y — C is open in

I

Y.

Now, h(U) =h(Y —=C) =h(Y) —h(C) =Y —C isopenin Y .
In both cases h is homeomorphism.

Step II:- Now we construct Y.

Casel:-Let pg X and Y =X U {p}

Topologizing Y: Let open sets of Y consists of

1) All sets U openin X and
2) All sets of the form Y — C, where C is compact sub set of X.

Now we verify that this collection satisfy all conditions of topology on Y.
(i) @ isopenin X (type 1), therefore ¢ isopenin Y.
Y =Y — ¢, therefore Y isopenin Y.

(ii) Intersection:- Let U;, U, (type 1) open setsin Y, then U; N U; is
openin X and hence openin Y.

Let (Y -C))n(Y—-C,) =Y —(C; NnC,), whichisopenin Y.
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Let Uyn(Y—-C)=U;n(X—C), where C is closed in X and
hence X — C isopenin X, therefore U; N (Y — C) is open.

(iii) Arbitrary Union:- UU, = U isopenin Y (for U, open of type 1)
U (Y— Cﬁ) =Y —-NC =Y — C isopenof type 2.
UU, U[u(Y—C)]=UuU(Y—C)=Y —(C—U)open of type 2

This shows that the collection of sub sets of typel and type2 form topology on
Y.

Step III:- Now we show that X is a sub space of Y.
First we show that X N U isopenin X for every openset U in Y.

(i) If U isopenoftypelthen U= UNX isopenin X.
(i) If (Y —C) isopenoftype2,then Y —CNX =X —Cisopenin X.

Conversely, only sets open in X a set of typel. This gives that X is a sub
space of Y.

Step IV:- To show Y is compact.

Let A be an open cover of Y, then A contains an open set Y — C (type2) (to
contain {p})

Now, X NnV,; (V, are all open sets of A different from Y — C) is covering of C
by sets open in X.

Since C is compact, so there exit a finite sub set V, such that

Cc U(XnVa)QUVa

aeVy aeVy

B CUY—-C)=Y= UV“ U =0)

aeV
5 Y is compact.
Step V:- To show Y is housdorff.

Let x,y € Y such that x # y.
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If x,yeX. Since X is housdorff space, therefore there exit open sets
UVinX suchthat xeU, yeV & UnNV =g.

Since X isopenin Y, So U,V areopenin Y.
This proves that Y is housdorff.
Now.If xeX & y=peY—X

We can choose a compact set C in X containing a neighborhood U of x,
then U & Y — C are open sub sets of Y containing x & y respectively and

Un(Y—-C)=¢

2 Y ishousdorff.
Conversely,

Let Y be satisfying conditions 1 to 3.
We prove that X islocally compact housdorff space.
Obviously X is housdorff space being a sub space of a housdorff space.
Let x € X, we show that X islocally compact at x.
Choose disjoint open sets U & V containing of Y such that

xelU , p=yeV

Then C =Y — C isclosedin Y, soitis compact sub space of Y.
Since C € X, so C is compact sub space of X.
= X islocally compact at x.

Hence X is locally compact.

One Point Compactification:-

If Y is a housdorff space and X is a proper sub

space of Y suchthat X =Y, then Y is said to be compactification of X.

If (Y —X) is a single point, then Y is called one point
compactification of X.
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Normal Space:-

A topological space (X, 1) is said to be normal if for every pair
of disjoint closed sets A,B of X there ext disjoint open sets U,V such that

AcU , BeV

T 4-Space:-

A normal, T;-Space is called T,-Space.

» Aregular T;-space is called T3-space.

» Regular space may not be T,-space, but T5-spaceis T,-space.

» Normal space may not be a regular space, but T,-space = T3-space =
regular space, T,-space = T;-space =& T,-space.

Theorem:-
A T,-Space is a Regular space.
Proof:-
Let (X,7) bea T,-space, then X is anormal space as well as T;-space.
Let F beaclosed subsetof X and xe X — F.
Since X is Tj-space, therefore {x} and F are disjoint closed sets.
Sine X is normal, therefore there exit disjoint open sets U & V such that
{x}ycU , FcV,; (UnV=y9)
Or xeU , FCcV

5 (X,t) isaregular space.

Theorem:-

A topological space (X, t) is normal if and only if for each closed
set F and open set H containing F, there exit an open set G such that
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FcGeCl(G)SH
Proof:-
Let (X,7) is a normal space.

Let F € H, where F is closed and H is open. Then X — H is closed and
FN(X—H)=o.

Since X is normal, therefore there exit disjoint open sets G & U such that

FCG & X—-HCU

GNH=¢ = G<SX-U
And X—H<CU = X—-UCH
Thus, FECGSX—-UCH
Or FSCGCC(G)SCl(X-U)ScX-UCcH

2 FCGCSCI(G)SH

Conversely,

Let F; & F, be two disjoint closed sets, then F; € X — F,,
where X — F, is open.

By hypothesis, there exit an openset G suchthat F; € G S Cl(G) €S X — F,
2 Cl(G)SX—F,SF, € X—-Cl(G) =open
Now, G N (X — Cl(G)) =@

z  (X,t) isnormal.

Theorem:-

Prove that continuous closed surjection image of a normal space is
normal (Homework).

Proof:-
Let X be anormal space and Y = f(X) is its closed continuous image.

To prove Y is normal.
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Let A; & B; betwo disjoint closed sets of Y.

As f is continuous so inverse image of each closed set is closed.
So, f~1(A;) and f~1(B,) are closed setsin X.

Let A= f1(4,) and B = f~1(B,;)

Now, ANB=f"A)Nf'B)=f"A4nB)=fp)=0

So A & B are disjoint closed sets in X. As X is normal so there exit two
opensets U & V suchthat ACU , BCV and UNnV=g¢

As U and V areopensetsin X so U and V' are closed setsin X.
As f is closed function,
2 f(U) and f(V') are closed setsin Y.
Put Uy = [fU)] =Y -fWU) & V=[f(V)]
Then U; and V; are open setsin Y. Next we show that 4; € U;
Llet xeAd, =f(4) 2 xef(Ad) 2 [flx)edcU
2 ey 2 flx)eU
2 x¢fU) =2 xelfU)] =U,
2 A cCU
Similarly we can show that B; € 1/}
Now, Uy nVy = [fUD] n[f(V)] = [f(U)UFI]
=[f0 vV =[f(0] =Y
2 U nV=¢
5 Y = f(X) is normal.

Theorem:-

Prove that the closed sub space of a normal space is normal
(Homework).

Proof:-
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Let X be anormal space and Y be a closed sub space of X.
To prove Y is normal.
Let A & B betwo closed setsin Y suchthat ANB = ¢

As A& B areclosedin Y and Y is asub space of X. So there exit two closed
subsets A; and B; in X suchthat A=A, nY , B=B;NY

As ANB =g 2 A NB =¢
As A; & B; areclosedsetsin X, A; N B; = ¢ and X is normal.
So there exit two opensets V; & U; in X such that

AicU; , BV, and UNnVy=¢

put U=U,nY , V=VnY

Then U and V areopensetsin Y.
As Ay, cU;, 2 A nYcUDNY 52 AcU
Also BV, = B nYcvinyY = BCV
And UNnV=UnY)nVynY)=WU;nV)NY=pNnY =9
2 UnV=¢

5z Y isnormal.

Theorem:-

Prove that every discrete space with at least two points is normal
(Homework).

Proof:-
Let X be a discrete space with at least two points.
To prove X is normal.
As X is discrete, so each sub set of X is closed as well as open.
Let A & B are two closed sub sets of X. suchthat ANB = ¢
Put U=A and V=B
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Then U & V are openin X because X is discrete.
Also ACU, BCV and UNnNV =g

5 X is normal.

Urysohn Lemma:-

Let (X,t) be anormal space. If F;, F, are any disjoint
closed setsin X, then there exit a continuous mapping f: X — [0,1] with

fF)=0 & f(FR)=1
Proof:-

Step 1:- F; N F, = @, where F; & F, areclosed sub sets of X.
2 F € X-—F,; and X — F, is an open set.

Since X is normal space, therefore there exit an open set U1 /s such that

F €Uy, €Cl (Ul/z) CX-F
Step 2:- Now U1/2 and X — F, are open sub sets containing closed sets F; and
Cl (U 1 /2) respectively.

Therefore there exit open sets U1 / and U3 /4 such that

F €Uy, cCl (U1/4) c Uy, ccCl (Ul/z) c Uy, <l (U3/4) CX-—F
Step 3:-Let d = ;n—n; n=123,.. and m=12,..,2" -1
(Numbers of the form of d are called “dyadic rational numbers”)
If we continuous this process, we obtain an open set U; such that d; < d,
2 F,cUy €Cl(Uy,) €Uy, SCU(U,,) EX—F,
Step 4:- We define f: X — [0,1] as f(x) =0 if xeU,

And f(x) = Sup{d : x & U} PREPAIRED BY
Itis clear that f(F;) =0 and f(F)=1 MUHAMMAD TAHIDR
M.S. MATHEMATICS
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Step 5:- We shoe that f is continuous.

Consider the family {[0,a), (a,1];0 < a < 1} which is a sub base for [0,1]
We simply show that f~1([0,a)) and f~'((a,1]) are open.
Wenotethat f(x)<a <& xeU; forsome d<a

This gives that f~1([0,a)) = {x : f(x) < a} =U U,

Again f71((a,1]) = {x : f(x) > a} = Ugsa(X — CL(UY));

Which are open sets.

This proves that f is continuous.
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Assignment Number 3

Paracompactness:-

A T,-Space (X, 1) is pare compact if every open covering
A of X hasalocally finite open refinement £ that covers X.

Refinement:-

Let X be a set and let A and [ be covers of X, we say A is
refinement of § or A refines f if for each U € A there exit V € f such that
ucpu.

Locally Finite:-

Let (X,7) be a topological space. A collection A of sub sets of
X is said to be locally finite in X if every point of X has a neighborhood that
intersects only finitely many elements of A.

e.g. A={(n,n+2):neZ} is locally finite in the topological
space R.

o-Locally Finite:-

A collection B of sub sets of topological space (X,7) is o-

s=| 5.

neN

locally finite if,

Where B, is alocally finite collection of sub sets of X.
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Theorem:-
Every regular Lindelof space is Paracompact.
Proof:-
Let (X,7) be aregular lindelof space.
To prove X is paracompact.

Let U be an open cover of X.Since X is lindelof, then there exit a countable
sub collection V of U that covers X.

= V isanopen o-locally finite refinement of .

Since (X, 1) is regular, by theorem it is paracompact.

Theorem:-

Let (X,7) be a regular topological space, then following are
equivalent.

(a) (X,7) is paracompact.

(b) Every open cover of X has a open o-locally finite refinement.
(c) Everyopen cover of X has locally finite refinement.

(d) Everyopen cover of X has a closed locally finitr refinement.

Proof:-

(a)—(b)

Let (X, ) is paracompact.

To prove every cover of X has an open o-locally finite refinement.

Let A be an open cover of X then there exit an open locally finite refinement
p of A.

5 [ isan open o-locally finite refinement.

(b)—(c)

Let every open cover of X has an open o-locally finite refinement.
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To prove every open cover of X has alocally finite refinement.

Let U be an open cover of X, then there exit an open o-locally finite
refinement q of U sothat q = U,y q,, Where g, is locally finite.

Foreach neN, let w, =U{V:V € q,}

Then {w,:n € N} is an open cover of X.

n—

For each ne N let A, = w, — U"{! w;. Then {4,:ne N} is refinement of

{w,:neN}. Let xeX and let n, be the smalless number of
{neN,xew,}then x €A, andhence{4,:neN} covers X.

Also w,_ is neighborhood of x that does not intersect A, for any n > n,
and so {A4,,:n € N} is locally finite.

Let A={A, NV:neNandV € q,}

Since q is refinement of U thisimply A refins U.

Let x € X, Since {4,:n e N} is locally finite so there exit a neighborhood
M of x thatintersects only a finite number of members of A, ,4,,,...,A,, of
{A,:neN} for each i =1,2,...,k there exit a neighborhood n, of x that
intersects only a finite number of members of g,. Then M N N¥_; Nx; is a

neighborhood of x that intersects only a finite number of members of A,
therefore A is locally finite.

55 A islocally finite refinement of U.
(©—(d)
Let every open cover of X has a locally finite refinement.
To prove, every open cover of X has a closed locally finite refinement.
Let U be an open cover of X.
Foreach xe X, let U, el s.t. xeU,

Since (X, t) is regular therefore there exit a neighborhood V, of X such that
V., € U, then {V,:x € X} is an open cover of X, so by assumption this open
cover has a locale finite refinement {A,: @ € V} then {E aeV} is also

locally finite.
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For aeV 3 xeX s.t. A, ©V,, thereforesince V, € U, foreach x € X,

A, S U, thus {E ae V} is closed locally finite refinement of .
(d)—(a)

Let every open cover of X has a closed locally finite refinement.
To prove (X, 1) is paracompact.

Let U be an open cover of X, then there exit a closed locally finite refinement
A of U.

For each x € X, let V, be a neighborhood of x that intersects only a finite
number of members of A. Then {V,:x € X} is an open cover of X.

So there exit a closed locally finite refinement C of {V,:x € X}.
Foreach Ae A let AA=X—-U{CeC:ANC = ¢}

Since C is locally finite

2 U{CeC:ANC=¢}=U{CeC:ANC =g}
But each member of C is closed, so
ufCeC:AnC=g¢}=u{CeC:ANC = ¢}
Since U{C e C:ANC = @}isclosed so A" is open.
Foreach Ae A:ASA* & {A":AeA} iscoverof X.
We claim that {A* : A € A} islocally finite.

Let x € X, there exit a neighborhood W of x that intersects only a finite
number of members of Cy, (5, ...,C, of C.

n
W c U C,
i=1

Then there exit k(1 <k <n) s.t. C,NA"# ¢

Since C covers X,

Therefore W N A* # ¢

ButCkﬂA*i(p I CkﬂA=(p
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Since each C; intersects only a finite number of members of A, W NA* = ¢
for all, but a finite number of members of {A* : A € A}.

Therefore {A* : A € A} is locally finite.

Now foreach A € A, choose Uyjel s.t. ACS Uy then {A*NU,:A €A} is
an open locally finite refinement of U.

This implies X is paracompact.
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Topological Manifolds

Second Countable Space:-
A topological space (X, 1) is said to be 2nd countable

provided there are countable basis for .

Note:-

Every 2nd countable space is 1st countable. A space which is 1st countable
may not be 2nd countable.

¢ Every countable infinite space is 1st countable. §, = {{x}}

First Countable Space:-

A topological space (X, 1) is said to be 1st countable if it
has a countable base at each of its point.

Manifolds:-

A topological n-dimensional manifolds or manifolds is a 2nd
countable T, -space in which each point has a neighborhood i.e.
homeomorphic to the open disc U™ = {x € R": |x| < 1}

» A 1-manifold is called a curve.
» A 2-manifold is called a surface.

Note:-
U™ can not be homeomorphicto U™ unless n = m.

Foreach ne N, R™ is n-manifold.
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Example:-

The square {(x,y)eR?: —1<x<1& —-1<y<1} is 2-
manifolds.
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Introduction To Dimension Theory

Dimension of a topological space is defined in three different ways.

1) Small inductive dimension : ind(X)
2) Large inductive dimension :Ind(X)
3) Covering dimension : dim(X)

Note:-

Three dimension function coincides in the class of separable spaces
i.e. ind(X) =Ind(X) = dim(X).

Small Inductive Dimension Of Topological Space:-

Let (X,t) be a regular topological space, ind(X) is called small
inductive dimension of X which is an integer larger or equal to -1 or the
“infinity number (o0)” ; where

ind(X): X — {—1,0,1,2, ...} U {oo}

[s defined as

(mul) ind(X) = —1 ifand onlyif X = ¢.

(mu2) ind(X) =<n, where n can be 0,1,2,... if for every point x € X and
Each neighborhood V € X of the point x, there exit an open set
UcX sit. xeUcV & ind(EWU))<n-1

(mu3) ind(X)=nif indX)<n & ind(X)>n-1

(mu4) ind(X) = o if ind(X) >n for n=-1,0,1,2, ...

Note:-

Small inductive dimension is also called Menger Urysohn dimension.
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If the regular space (X,7,) and (Y,Ty) are homomorphic, then
ind(X) = ind(Y). Example:-

X={ab,cd}, = {go,X, {a, b}, {c, d}} — — —regular

Closed sets ¢, X,{a, b},{c,d}
Since (X,7) isregularand X #¢ 2 ind(X) #—1

Let x = a

2 V={ab}=U
E(U)=Cl()nClX-U)={a.b}n{c,d}=0¢
2 ind(FEU)=-1=0-1 = n=0
2 ind(X)=0
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