
2 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

REVIEW OF VECTORS AND SCALARS 

VECTOR:  A quantity with magnitude, unit and direction is called vectors. e.g. force, velocity, 

acceleration etc. 

GRAPHICALLY:  vector represented graphically by directed line segment. If P(x,y,z) be a point in 

  (space) then the vector   ⃗⃗⃗⃗  ⃗ from the origin to the point P is called the Position vector of the 

point P.                                                                  

     

 Usually we denote vector   ⃗⃗⃗⃗  ⃗ by    and (x,y,z) is called the coordinate representation.  Thus we 

can write             and the magnitude of     is denoted by |   | or simply ‘r’ and from 

geometry we know that |   |    √         

COMPONENTS OF VECTOR:  In certain coordinate system, a three dimensional vector having 

initial point             and terminal point             is represented by                                      

                       where                   are called components of    

VECTOR ADDITION:                                            

if                    and                  then                                

SCALAR MULTIPLICATION:                                            

If             be a vector and   is any scalar then                                                                    

also                 and                      

SCALAR:  A quantity which needs only magnitude and unit and no need to direction is called 

scalar. e.g. temperature, time, volume, length etc. 

SCALAR PRODUCT (DOT PRODUCT):                     

If        and      be two vectors then their scalar product can be denoted by     .      And defined 

as     .                Where   is the angle between     and      and      
 ⃗     ⃗  

     
 

UNIT VECTORS:  If  ̂  ̂  ̂ denote the unit vectors along   ⃗⃗ ⃗⃗  ⃗   ⃗⃗⃗⃗  ⃗   ⃗⃗⃗⃗  ⃗ respectively then  

 

  ̂  ̂   ̂  ̂   ̂  ̂    and  ̂  ̂   ̂  ̂   ̂  ̂    

 The scalar product is distributive over addition i.e.    ( ⃗    )      ⃗        

 If                  ̂     ̂     ̂ and  ⃗                ̂     ̂     ̂  then  

    ⃗                   

           |  |  i.e. square of vector equals to square of its modulus. 

 The necessary and sufficient condition that two vectors be perpendicular is that their 

scalar product vanishes. 

         ⃗   is called vector equation of straight line. With ‘t’ a +ve or –ve number. 

 The vector of constant length is perpendicular to its derivative. i.e.  ⃗   ⃗     

        |  |    
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VECTOR PRODUCT (CROSS PRODUCT):  

If        and      be two vectors then their vector product can be denoted by            and 

defined as                      ̂  where   is the angle between      and      and  ̂ is the unit 

vector in the direction of movement of a Right handed screw when turned from     to     Also   

     
 ⃗     ⃗  

     
 

                    

 Vector product is distributive over addition. 

  ̂   ̂   ̂   ̂   ̂   ̂    

  ̂   ̂   ̂        ̂   ̂   ̂           ̂   ̂   ̂ 

  ̂   ̂    ̂        ̂   ̂    ̂        ̂   ̂     ̂

 If              are parallel then            

 If                   ̂     ̂     ̂ and                  ̂     ̂     ̂  then  

         |
 ̂  ̂  ̂
      

      

|              ̂              ̂              ̂ 

 The necessary and sufficient condition that two vectors be parallel is that their cross 

product vanishes. 

SCALAR TRIPLE PRODUCT:     ( ⃗    ) is called Scalar Triple Product or Box Product. Its value is 

numerically equal to the volume of the parallelepiped whose edges are determined by the 

vectors      ⃗         

    ( ⃗    )  |

      

      

      
| 

    ( ⃗    )   ⃗             (    ⃗ ) 

 |    ⃗ | is the area of parallelogram with sides         ⃗  

    ( ⃗    ) is denoted by [   ⃗   ] where [   ⃗   ]   [     ⃗ ]  

 The necessary and sufficient condition that three vectors be coplanar is that their scalar 

triple product vanishes. 

 Right handed screw, positive sense for rotation or anti – clockwise, all same. 

VECTOR PRODUCT OF MORE THAN TWO VECTORS 

    ( ⃗    )          ⃗  (    ⃗ )   

 (    ⃗ )             ⃗  ( ⃗    )   

 (    ⃗ ) (     )         ( ⃗    )  ( ⃗    )(     ) 

Proof:  let     ⃗      then 

    (     )  [      ]  [      ]     (     )     [   (    ⃗ )] 

    [(    ⃗ )   (     ) ⃗ ]  [(    ⃗ )        (     )(    ⃗ )]         ( ⃗    )  ( ⃗    )(     ) 

 (    ⃗ )  (     )  [      ] ⃗  [ ⃗     ]   

Proof:  let           then 

 (    ⃗ )     (     ) ⃗  ( ⃗    )   [   (     )] ⃗  [ ⃗  (     )]   [      ] ⃗  [ ⃗     ]   

 (    ⃗ )  (     )  [   ⃗   ]   [   ⃗   ]   

Second Proof:  let     ⃗      then 

    (     )  (     )   (     )   [(    ⃗ )   ]   [(    ⃗ )   ]   [   ⃗   ]   [   ⃗   ]   
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SURFACE: A surface         is the locus of the point whose coordinates are functions of two 

independent parameters ‘u’ and ‘v’ 

Thus                               are parametric equations of surfaces. 

OR: A surface in   is a set of all points whose coordinates satisfy a single equation         

            

OR: A surface may be regarded as the locus of a point whose position vector    is a function of 

two independent parameters u and v.   

We not that any relation between the parameters             represents a curve on the 

surface, because    than becomes a function of only one independent parameter.  

In particular, the curve on the surface, along which one of the parameters remains constant are 

called parametric curves. 

Position of any point on the surface is uniquely determined by the values of ‘u’ and ‘v’. So that 

the parameters ‘u’ and ‘v’ constitute a system of coordinates which are called curvilinear 

coordinates. 

EXAMPLES:  

1) The parametric equation of the sphere with Centre at origin and radius ‘a’ are 

                                            

                                                                                      

                   [               ]                 

               [               ]        

               is the implicit form of the sphere 

2) The parametric equation of the ellipsoid are   

                                               

eliminating          we have 
  

  
 

  

  
 

  

  
   which is the equation of the ellipsoid. 

   

3) A surface in   defined by the equation of the form  
  

   
  

      is called an elliptical 

paraboloid.   

      
4) A surface in    defined by the equation of the form       

                                              is 

called a sphere. 

   

5) A surface in    defined by the equation of the form 
  

   
  

      is called a hyperbolic 

paraboloid. 
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6) A surface in    defined by the equation of the form       
  

  
 

  

  
 

  

  
      

  

  
 

  

  
 

  

  
    is called a hyperboloid. Hyperboloid defined by 

first equation is called Hyperboloid of one sheet and Hyperboloid defined by second 

equation is called Hyperboloid of two sheet 

 

     

7) A surface in    defined by the equation of the form 
  

   
  

           is called a 

elliptical cone.  

     
8) The parametric equation of the cone  are    

                                             

                                                          

                [                ]           
       

     
         

                                     

9) A surface        represents            OR the set of all points         satisfying a 

linear equation            where       are not all zero determines a linear 

surface called a Plane. 

10) The set of all points         satisfying a linear equation     

                                     where           are 

not all zero determines a quadratic surface  

11) If                                      factorize into two 

linear functions then equation defines a pair of planes and then surface is called 

Degenerate Surface. 

12)                                                  Represents a sphere with 

centre at origin and radius “a”. The surface of the sphere is the function of         the  

parametric curves are             , which are small circles parallel to                 

and              ,which are great circles revolving about the   –      

SYMMETRY: A surface is symmetric with respect to yz - plane if its equation is unchanged when 

‘x’ is replace by ‘-x’ . It is symmetric with respect to z – axis if its equation is unchanged when ‘x’ 

is replace by ‘-x’ and y is replaced with ‘-y’ .A surface is symmetric with respect to origin  if its 

equation is unchanged when ‘x’ is replace by ‘-x’ , ‘y’ is replaced with ‘-y’ and ‘z’ is replaced with 

‘-z’. e.g. the equation              is symmetric about each coordinate plane , about 

each axis and about origin. 

TRACE AND INTERCEPTS: The section of a surface intersected by a coordinate plane is called 

the trace of the surface in that plane. If a coordinate axis intersects a surface, such a point of 

intersection is called as intercept. 

Consider a Hyperboloid type surface                            

then its trace in yz – plane is          which are two straight lines as                      

its trace in xz – plane is             which is hyperbola.                             

its trace in xy – plane is             which is circle. 

The x – intercepts are 0 and 2, y – intercepts is 0 and the z – intercept is 0. 
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CURVES WITH TORSION 

CURVE:  A curve is a locus of a point whose position vector    relative to the fixed origin may be 

represented as a function of single variable parameter (say ‘t’) then its Cartesian coordinates 

are also the function of same parameter.                                

The equations of the curve in parametric forms are                                       

where                   are any functions of parameter ‘t’ 

LEVEL CURVE:  A level curve is a function        define by the locus of a point       in domain 

D such that                  where C is a constant. 

PARAMETERIZED CURVE    ⃗     : A parameterized curve in    is a mapping    ⃗           for 

some      with                                             

the symbol       denote the open interval       {         }          

where          {                           }                                             

PARAMETERIZATION OF LEVEL CURVE:  A parameterized curve which is contained in a level 

curve ‘C’ is called Parameterization of level curve. 

Example:  How we can define a parameterization        of parabola     ?                    

Answer:  If        {               } then components                  must satisfy         [       ]
  

now if           then            and so parameterization will b         {    }                                           

                  where                             

Example:  Is        {     }  a parameterization of the parabola                                                

Answer:  Yes         {     }  a parameterization of the parabola      because      then 

  [  ]                                    

Example:  How we can define a parameterization        of parabola         ?                    

Answer:  If        {               } then components                  must satisfy    
 
    

 
   

now if          then    [      ]
    [      ]

              √                                    

and so parameterization will be       {  √    }                   where          

REMARK:  We can use                           must satisfy               then 

      {         }                                                                                                                                     

Example:  Show that the parameterized       {           }  ;      represent an equation of 

asteroid                                                   

Answer:  Put                  then                                                   

Example:  Find parameterization       of the curve         ?                                                    

Answer:  If       {             } then components                 must satisfy    
 
    

 
   now 

if          then    [      ]
    [      ]

              √                                    

and so parameterization will be       {  √    }                   where          

Example: Find parameterization       of the curve  
  

 
 

  

 
  ?                                            

Answer:  If       {             } then components                 must satisfy 
   

 

 
 

   
 

 
   now if 

          then 
     

 
 

   
 

 
   

   
 

 
         

 
                 √                                                     

and so parameterization will be       {    √    }                               

Example: Consider the ellipse   
  

   
  

     verify that       {           } is the 

parameterization of ellipse.                                                                        

Answer:  Put                      then    
  

   
  

   
        

   
        

                              

Hence        {           } is the parameterization of ellipse. 
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ALLOWABLE CHANGE OF PARAMETER OF LEVEL CURVE:  A real valued function        on an 

interval     is an allowable change of parameter if 

i.      is of class C in     (1st time differentiable) 

ii. 
  

  
                i.e.        is one – to – one mapping of     onto an interval 

         and the inverse of         is an allowable change of parameter on     

Example:  Show that     
  

    
 is an allowable change of parameter on       and takes 

the interval       onto                             

Answer:  If   
  

    
  

  

  
 

  

       
 is continuous and 

  

  
   on        hence it is an 

allowable change of parameter on        and Since   
  

    
           and  

      
  

    
    it shows that interval          onto               

DERIVATIVES OF   ⃗     :  Since             then taking derivatives w.r.to ‘t’ we get 

       
   

  
 (

    

  
 
    

  
 
    

  
     

    

  
)                                             

        
    

   
 (

     

   
 
     

   
 
     

   
     

     

   
)      

                                                                 

       
    

   
 (

     

   
 
     

   
 
     

   
     

     

   
)                     

TANGENT VECTOR OF   ⃗     :  if    is a parameterized curve then its first derivative        
   

  
 is 

called the tangent vector of    at point      . 

GEMETRICAL INTERPRETATION OF   ⃗        OR GEMETRICAL INTERPRETATION OF TANGENT 

VECTOR OF   ⃗     :    

                                 

consider two points       and          on the curve ‘C’ then joining these two points by a 

chord ‘  ̂’ then 
              

  
   ̂         

   

  
        

              

  
  

PREPOSITION:  If the tangent vector of a parameterized curve is constant, then image of the 

curve is a straight line. 

Answer: Given that                                         
   

  
                   

 ∫      ∫                 ⃗                                                                  

Now here two cases we can discuss. 

                                         
Case I: if      then this is the parametric equation of straight line parallel to    and passes 

through  ⃗ .                     

Case II: if      then image    of is a single point (namely  ⃗ )                       
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Example: Find the Cartesian equation of the curve        {           } and also find the 

tangent vector.                                                                                                   

Answer: Put                 then                                                   

also                               

Example: Find the Cartesian equation of the curve        {     } and also find the tangent 

vector.                                                                                                   

Answer: Put                           then        √   and        √                          

also                                                            

Example: Calculate the tangent vector of asteroid               at each point. And at which 

point tangent vector will be zero?                                                             

Answer:  when                 then                                    and 

we gent parameterization         {           }                                                         

                                 a required tangent vector                                        

now                                                                                          

                                                  

CYCLOID: A cycloid is the plane curve traced out by the point on the circumference of the circle 

as it rolls without slipping along a straight line. 

 

 

QUESTION:  Show that if the straight line is the x – axis and circle has radius     then the 

cycloid can be parameterized by       [                   ]                                        

Answer:  let                                                        

Now if straight line is x – axis then                                  

                                              

Then                                     with     

 

NORMAL LINE:  the normal line to a curve at ‘P’ is the straight line passing through ‘P’ and 

perpendicular to the tangent line at ‘P’. 

 

 

ww
w.
Ra
na
Ma
th
s.
co
m

www.RanaMaths.com

www.RanaMaths.com



9 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

QUESTION:  Find the tangent and normal line passing through        to the curve                 

      [                       ] at the point corresponding   
 

 
                                       

Answer:  Given         [                       ]                                  

   (
 

 
)  [    (

 

 
)      (

 

 
)      (

 

 
)      (

 

 
)    (

 

 
)  [√    √   ]]   

let                                                                                

 
  

  
 

            

             
 (

  

  
) 

 

    
    (

 

 
)      (

 

 
)

     (
 

 
)      (

 

 
)
    

√ 

 √   
 

√ 

√ √  √ 
 

 

√   
  

And     
 

  
     (√   )      √    (  √ )  

Now equation of tangent at [√    √   ]  is                            

   (√   )  
 

√   
(  √ )  (√   )  (√   )

 
 (  √ )    

   (√   )   (√   )    is required tangent line. ( after solving ) 

Now equation of Normal at [√    √   ]  is       
 

 
                     

   (√   )  (  √ )(  √ )    (  √ )   (  √ )  √ (  √ )  

 (  √ )        is required Normal line. ( after solving ) 

 

Example:  Find the representation of the intersection of the cylinder  
    ,   

        

that does not involve radius.                                     

Answer:  given   
     and   

              
  then    

      
   or 

   
    

    now if we put                     then                     

then equation of the resulting curve is                         

 

Example:  Write the equation of circle centered at         having radius ‘r’ in parametric form.           

Answer:                                                      
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Example:  The hypocycloid is the plane curve generated by the point ‘P’ on the circumference 

of the circle ‘C’ as ‘C’ rolls without sliding on the interior of the fixed circle    as shown in the 

figure.  If ‘C’ has radius ‘r’ and    as at origin with radius     and ‘P’ is initially located at 

         then find a representation of hypocycloid.      

Answer: let ‘A’ denote the center of ‘C’ and    is the angle that ‘OA’ makes with    then  

 

  ⃗⃗⃗⃗  ⃗  |  |       |  |                                 

If ‘B’ is the angle that   ⃗⃗⃗⃗  ⃗ makes with    then 

    ̂     ̂     ̂                         (
    

 
)   

Since   is in clockwise direction therefore we will have     (
    

 
)   

  ⃗⃗⃗⃗  ⃗    ⃗⃗⃗⃗  ⃗    ⃗⃗⃗⃗  ⃗  [                         ]  *    ( (
    

 
)  )    

    ( (
    

 
)  )   +  

   ⃗⃗⃗⃗  ⃗  *               ((
    

 
)  )                 ((

    

 
)  )+  

 

ARC LENGTH OF PARAMETERIZED CURVE:  the arc length of a curve    starting from a point 

       is the function      and given by      ∫ ‖      ‖  
 

  
 

 

QUESTION:  Find the arc length of a logarithmic spiral        [               ]                                     

Answer:  Given         [               ]   

        
   

  
 [                                      ]  

 ‖      ‖  √                                    ‖      ‖     √      

Then for arc length 

     ∫ ‖      ‖  
 

  
      ∫    √      

 

 
      √    ∫      

 

 
  

      √    |
   

 
|
 

 

      
√    

 
(     )  
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QUESTION:  Find the arc length as the function of   along the epicycloid                     

      *               (
    

 
 )                 (

    

 
 )   +   and calculate the arc 

length when                                                      

Answer:  Given         *               (
    

 
 )                 (

    

 
 )   +   

        *            
    

 
    (

    

 
 )              

    

 
    (

    

 
 ) +  

 ‖      ‖  √(            
    

 
    (

    

 
 ))

 

 (           
    

 
    (

    

 
 ))

 

     

 ‖      ‖        √(         (
    

 
 ))

 

 (        (
    

 
 ))

 

   

 ‖      ‖        √      (
  
 
 )            (

  
  

 ) 

Then for arc length      ∫ ‖      ‖  
 

  
             ∫    (

  

  
 )   

 

 
                            

      | 
    

  
    (

  

  
 )|

 

 

  
    

  
 [   (

  

  
 )   ] 

Now when                                         

PRACTICE: find the arc length of followings; 

i. Circular helix       [              ]                        

ii.       [                        ]   [                      ]             

iii.       [              ]            between the points          and            

UNIT SPEED CURVE:  if  ⃗           is a parameterized curve, its speed at point       is 

‖      ‖ and    is said to be a unit speed curve if        is a unit vector for all                              

i.e.    ‖      ‖    

QUESTION:  Show that       *
 

 
     

 

     
 

 
     

 

     
 

√ 
+  is unit speed curve.                                     

Answer:  Given         *
 

 
     

 

     
 

 
     

 

     
 

√ 
+ 

        
   

  
 *

 

 
     

 

   
 

 
     

 

     
 

√ 
+   

 ‖      ‖  √
 

 
      

 

 
      

 

 
 √

 

 
          

 

 
 ‖      ‖         

        is unit vector        is unit Speed curve. 

PRACTICE:  Show that       
 

 
*  √        

 

  √    
    √   (  √    )+  is unit speed curve                                      

REPARAMETERIZATION CURVE:  a parameterized curve   ̃ ( ̄  ̃)     is a reparameterization 

of a parameterized curve  ⃗           if there is a smooth bijective mapping    

  ( ̄  ̃)         such that the inverse mapping            ( ̄  ̃) is also smooth and  

 ̃  ̃   ⃗ [   ̃ ]        ̃ ( ̄  ̃) 

Since   has a smooth inverse therefore    is a reparameterization of  ̃ i.e.    

   ̃     ̃         

And   ̃  ̃    [   ̃ ]   ̃(      )    [ (      )]   ̃(      )        
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QUESTION (BS;2018):  Find the unit speed reparameterization of logarithmic spiral 

       [             ] or       [               ] 

Answer:  Given         [             ] 

        
   

  
 [                                ] 

 ‖      ‖  √                                ‖      ‖    √    √    

Then for arc length      ∫ ‖      ‖  
 

  
      ∫ √     

 

 
      √ ∫     

 

 
 

      √ |  | 
       √        

    

√ 
           

    

√ 
     

     (
    

√ 
  ) 

Now unit speed reparameterization of curve is  

 ̃    *(
    

√ 
  )   (  (

    

√ 
  ))   (

    

√ 
  )   (  (

    

√ 
  ))+  

 ‖ ̃    ‖     and it is unit speed reparameterization curve. 

PRACTICE: Find unit speed reparameterization of the followings; 

i.       [                  ] 

ii.       [                ] 

iii.       [              ]                     

iv.       [               ] 

v. Find reparameterization of the regular curve 

      [                       ]          

NATURAL REPRESENTATION:  when a curve is presented by its arc length then the 

representation is called natural, Since the speed of such curve is  1 it is therefore called unit 

speed curve. 

QUESTION: Obtained the equation  of circular helix     

      [              ]                     referred to arc length as a parameter 

and show  that length of one complete turn of the helix is     where   √      and is 

called pitch. 

Answer:  Given         [              ]                           

        
   

  
 [              ]    ‖      ‖  √           

Then for arc length      ∫ ‖      ‖  
 

 
      ∫    

 

 
      

 

 
 

          *    (
 

 
)      (

 

 
)   (

 

 
)+ this is required parameterization. 

For one completer turn ‘t’ varies from                        where   √      

REGULAR POINT AND SINGULAR POINT:   a point        of a parameterized curve    is called 

regular point if          ⃗  otherwise       is called singular point of    . 

Remember: as      ∫ ‖      ‖  
 

  
 

  

  
 ‖      ‖                          

REMARK:  A curve is regular if all of its points are regular. 
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Example:  Show that the representation                                   is regular for 

all ‘t’ and sketch the projection on the            and           planes.                                

Answer:  If                                 

                              ‖      ‖  √                                    

  the representation is regular. And the projection onto the          plane is   

                        or          
 
             also the projection onto the          plane 

is                         or          
 
          

PRACTICE: Determine whether the following curves are regular? 

i. Circular helix       [              ]              

ii.       [        ] iii.       [          ] 

iv.       [                         ] 

v.       [                      ] 

vi.       [                  ] 

vii.                   [                ] 

QUESTION:  Find the singular point of the hypocycloid and sketch  

                  ((
    

 
) )                    ((

    

 
)  ) with                                         

Answer: If                   ((
    

 
)  )                    ((

    

 
)  ) 

              (          
 

 
 )                    (          

 

 
 )  

   
       (        

 

 
 )         

      (        
 

 
 )  

 |     |  √   
       

        
 

 
  

And for singular points |     |        
 

 
      (

 

 
)                  

PREPOSITION:  Any reparameterization of a regular curve is regular. 

PROOF:  Suppose   ̃ ( ̃  ̃)     is a reparameterization of a regular curve               

then there exist smooth bijective mapping   ( ̃  ̃)        whose inverse   

          ( ̃  ̃) is also smooth and  ̃  ̃    [   ̃ ] 

Now let       ̃  and       then  ̃          ̃               

Consider  (      )                       

Now     ̃    
    ̃ 

  
   

    ̃ 

  ̃
 
  ̃

  
   

    ̃ 

  ̃
 
  

  
    

    ̃ 

  ̃
    

  

  
                     

now we have to show that 
  ̃

  ̃
          ̃ ( ̃  ̃) 

For this consider  ̃  ̃    [   ̃ ]  
  ̃

  ̃
 

   

  ̃
 

  ̃

  ̃
 

   

  
 
  

  ̃
 

  ̃

  ̃
 

   

  
 
  

  ̃
       

         
   

  
      

  

  ̃
   

  ̃

  ̃
          ̃ ( ̃  ̃) hence proved. 
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PREPOSITION:  if       is a regular curve, its arc length is ‘s’ starting at any point    , is a smooth 

function of ‘t’ . 

PROOF:  Given that       is regular and       ∫ ‖      ‖  
 

  
 is its arc length    

 
  

  
 ‖      ‖                             

Assume that        (         ) is plane curve.  

        
   

  
 (           )                                    

 
  

  
 ‖      ‖  √               

Since                           then              and              are also smooth 

functions of t   

 
  

  
 ‖      ‖  √            is also a smooth function. 

Now         
   

   
 

      

√           
 

      

√           
 which exists, similarly for derivatives, we have 

smooth functions of ‘t’ This the completer proof. 

PREPOSITION:  a parameterized curve has a unit speed reparameterization if and only if it is 

regular. 

PROOF:  Suppose   ̃ ( ̃  ̃)     be a unit speed reparameterization of a regular curve  

             i.e. ‖ ̃    ‖    then there exist smooth bijective mapping   ( ̃  ̃)        

which has a smooth inverse           ( ̃  ̃) is also smooth such that 

 ̃  ̃    [   ̃ ]       

Now let     ̃    
    ̃ 

  
   

  

  ̃
 
  ̃

  
            

    
  ̃  ̃ 

  ̃
 

   

  ̃
 

  ̃  ̃ 

  ̃
 

   

  
 
  

  ̃
 

  ̃  ̃ 

  ̃
 

   

  
 
  

  ̃
     ̃    

    ̃ 

  ̃
 

  

  ̃
 

 ‖
  ̃

  ̃
‖  ‖

   

  
 
  

  ̃
‖  ‖ ̃    ‖  ‖

   

  
‖‖

  

  ̃
‖    ‖

   

  
‖‖

  

  ̃
‖  

 ‖
   

  
‖‖

  

  ̃
‖      ‖

   

  
‖    

   

  
                           ⃗     is regular. 

CONVERSLY: Suppose that       is regular.  
   

  
                  

  

  
 ‖      ‖       

         ( ̃  ̃) has a local smooth inverse      ( ̃  ̃)        

If   ̃ is the corresponding reparameterization then  ̃(    )        

 
  ̃

  
 

   

  
 

  ̃

  
 
  

  
 

   

  
 ‖

  ̃

  
 
  

  
‖  ‖

   

  
‖  ‖

  ̃

  
‖‖

  

  
‖  ‖      ‖  

 ‖ ̃   ‖‖      ‖  ‖      ‖  ‖ ̃   ‖     ̃    is a unit speed curve. 

QUESTION:  Show that given is regular also find unit speed reparameterization of curve where 

curve is         [           ]                                              

Answer:  Given         [           ]   

        
   

  
 [                        ]  [                ]       [        ] 

Now as     so it can be any multiple of 
 

 
 and on   

 

 
 we have          so given curve is not 

regular. And we have no need to find unit speed reparameterization of curve. 
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QESTION:  Show that given is regular also find unit speed reparameterization of curve where 

curve is         [           ]            
 

 
                                       

Answer:  Given         [           ]   

        
   

  
 [                        ]  [                ]       [        ]  

Now as     
 

 
  we have          so given curve is regular. And we will find unit speed 

reparameterization of curve.          
   

  
 [                ] 

 ‖      ‖  √              √        √       ‖      ‖  √       

Then for arc length      ∫ ‖      ‖  
 

  
      ∫ √        

 

 
      √ ∫        

 

 
 

      √ |
      

 
|
 

 

      √ (
      

 
 

     

 
)  

√ 

 
                                      

      
 

√ 
          √             

√ 

 
                 

 

√ 
               

now since                  
 

√ 
             

Hence Reparameterization curve is      ̃    *  
 

√ 
   

 

√ 
 + 

QUESTION:  Show that given is regular also find unit speed reparameterization of curve where 

curve is         [       ]                                                  

Answer:  Given         [       ]           
   

  
 [           ]                           

Now as      we have  ̇      so given curve is regular. And we will find unit speed 

reparameterization of curve.         
   

  
 [           ] 

 ‖      ‖  √         √             ‖      ‖         

Then for arc length      ∫ ‖      ‖  
 

  
      ∫        

 

 
 

      |     | 
                    

      

 
                            

                   
   √     

 
   √         (  √    )     

                       √          

Hence Reparameterization curve is      ̃    [  (  √    )  √    ] 

VELOCITY VECTOR:  The velocity vector of regular curve           at      is the derivative 

       evaluated at      and the velocity vector field is the vector       . The speed of       at 

     is the length of the velocity vector i.e. |      |     

PLANE CURVES: the set of all points lies in same plane then the curves are called Plane curves. 

SPACE CURVE OR TWISTED CURVE OR SKEW CURVE OR TORTOUS CURVE:                  

when all the points of a curve do not lie in the same plane then it is said to be a space curve 

otherwise a plane curve.                       

Example:              ̂        ̂    ̂ comparing this equation with general equation of the 

curve            ̂       ̂       ̂  then we get          ,          ,         then 
  

                    
  

                      then 
  

   
  

                         

which is the equation of ellipse. 
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EQUATION OF TANGENT OF A PLANE TO THE CURVE 

 

Let ‘p’ and ‘ ’ be two points on the given curve ‘C’ whose position vectors are    and        

corresponding to the values of     and        of parameters. Then we note that  

    
  

  
         

  

  
    is the unit vector parallel to the tangent to the curve at P. this 

unit vector is denoted by    and is called unit tangent. The equation of tangent to the curve 

at any point  P is   ⃗           ⃗          ⃗          where  ⃗   is the position 

vector of any point on the tangent ‘t’ and is called the current point  and ‘u’ is any scalar. 

 

Question: Find the equation of the tangent to the curve whose coordinates are                            

        ,          ,      . 

Solution: Since              ̂        ̂        ̂ and             ,             ,        

so using these in equation of tangent                                                                                                           

 ⃗           ⃗          ⃗               ⃗        ⃗⃗  ⃗  
 ⃗    

   
     ……….(i)      

now    ⃗    ̂    ̂    ̂   and      ̂    ̂    ̂                    

then equation (i) becomes                   
   

  
 

   

  
 

   

  
         

 
       

        
 

       

       
 

   

 
    

   

 
            

                          

           
       

     
 

       

      
                                                               

                                          

Question: Find the equation of the tangent vector and tangent line to the curve                                   

                  at                     

Solution: Since                                          

 |       |  √         √    and   
       

|       |
 

 

√  
             

Now                    where        

               *
 

√  
            +  

   (  
 

√  
)    (  

  

√  
)    (  

  

√  
)                              

 
 

√  
           Then in Cartesian coordinate we get parametric form 

                                    

                               

        
    

 
    

    

 
   

      
    

 
   

    

 
 is the tangent line to the curve at t = 1 i.e. at          
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NORMAL PLANE: the plane normal to the tangent to a curve at the point ‘P’ of contact is called 

the normal plane at that point P. 

EQUATION OF NORMAL PLANE: 

                                           

let  ⃗  be the position vector of the current point ‘Q’ on the normal plane and     be the position 

vector of the current point ‘P’ thus   ⃗     is the position vector of any line in the plane as 

shown in figure. Thus according to the definition of the normal plane  ⃗     and     are 

perpendicular to each other. i.e.  ( ⃗⃗   ⃗ )      Which is the equation of normal plane. Thus 

every line through P in this plane is normal to the curve. 

Question: Let      be a unit speed curve such that every normal plane to      goes through a 

given fixed point     
  then the image of      lies on sphere. 

Solution: Since the equation of normal plane is ( ⃗    )       (       )      

                and                                    

Where (         
           

           
) (  

                   )    

 [(         
)    

      (         
)   

     (         
)       ]     

Integrating w.r.to ‘s’  
(         )

 

 
   

(         )
 

 
 

(         )

 

 

         

 (         
)
 
   (         

)
 
 (         

)
 
                            

This is the required equation of curve lying on sphere. 

CURVATURE: (it tells how much does a curve, curve)                                          

curvature of the curve at any point is defined as ‘the arc rate of rotation of the tangent” it is 

the ratio of change in turning to the distance travelled. It is sometime called first curvature or 

circular curvature. It is denoted by         . It measures the extent to which a curve is not 

contained in a straight line.      

OR if  ⃗  is a unit speed curve with parameter ‘s’ then its curvature denoted      at point 

      is defined as      ‖ ⃗       ‖     Also remember:   |
  

  
|  |

  
  ⁄

  
  ⁄
|  |

 ⃗  

   
| 

DERIVATION OF EXPRESSION FOR CURVATURE:  

                                       
let ‘C’ be a curve and ‘CX’ be a fixed direction. Let position vectors of  ‘P’ and ‘ ’ are    and 

        respectively. Let tangent at ‘P’ makes angle     with x-axis or OX and tangent at ‘Q’ 

makes angle ‘    ’ with OX. Where the angle      is the angle between tangent at P and Q 

and clearly   ̂       then 
  

  
 is average curvature of arc   ̂ when      then its limiting 

value is the curvature at the point P.  i.e.             
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REMARK:   

 The circle passing through three points on the curve coincident at P is called circle of 

curvature at P. it is the circle that best describes how C behave near P; it shares the 

same tangent, normal and curvature at P. 

          is considered as the positive quantity. 

 the reciprocal of curvature is called Radius of Curvature and is denoted by     so     

  
 

 
   and    

 

 
 

 if     or ‖        ‖    everywhere then    is a part of straight line.  

 curvature of straight line should be zero. 

 Curvature should be independent of reparameterization. It depends only on the shape 

of curve 

 Large circle should have small curvature and vice versa. 

QUESTION: if      or ‖        ‖    everywhere then    is a part of straight line. 

ANSWER: if      ‖        ‖                                                     

  curve is a straight line. 

QUESTION: Curvature of straight line should be zero. 

ANSWER: let        curve is a straight line       

                                   ‖        ‖      . 

QUESTION (BS;2016) :    

A regular curve of class    is a straight line iff its curvature is identically zero. 

ANSWER: let        curve is a straight line       

                                   ‖        ‖      .                        

Conversely:  if      ‖        ‖                                                     

  curve is a straight line. 

 Possible Question: A curve of class    is straight line if all tangent lines have a common 

intersection. 

QUESTION:     Prove that    
 

 
   or    

 

 
. 

PROOF: Consider a circle in    with centre at       and radius is   and this will be a unit speed 

parameterization. i.e. 

       *    (
 

 
)      (

 

 
)+             [           ]                  

 

 
 

         *   
 

 
    (

 

 
)    

 

 
   (

 

 
)+           * 

 

 
   (

 

 
)   

 

 
   (

 

 
)+                              

   ‖        ‖  √
 

     
 (

 

 
)  

 

     
 (

 

 
)  √

 

  *   
 (

 

 
)      (

 

 
)+  
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PREPOSITION (1st method) (BS;2018): 

 let      be a regular curve in    then its curvature is    
‖ ̈  ̇‖

‖ ̇‖       
‖      ‖

‖  ‖ 
 .   OR  let      

be a regular curve in    then its curvature is    
‖ ̈  ̇‖

‖ ̇‖ 
 

PROOF: Let                            
   

  
 

   

  
 
  

  
     

   

  
 
  

   
 

  

  
     

  

  
 

Now   ‖    ‖  ‖
    

   
‖  ‖

 

  
(
   

  
)‖  ‖

 

  
.
   

  ⁄

  
  ⁄
/‖  ‖

 

  
.
   

  ⁄

  
  ⁄
/‖  ‖

  

  
 
 

  
(
  ⃗⃗ 

  
) 

  ⃗⃗ 

  
 
 

  
(
  

  
)

(
  

  
)
 ‖   

  ‖

  

  
 
 

  
(
  ⃗⃗ 

  
 
  

  
) 

  ⃗⃗ 

  
 
  

  
(
   

   
)

(
  

  
)
 ‖  ‖

  

  
 
   ⃗⃗ 

   
 
  

  
      

  

  
 (

   

   
)

(
  

  
)
 ‖  ‖

  

  
           (

   

   
)

(
  

  
)
 ‖         

Since     
  

  
        (

  

  
)
 

         (
  

  
)
 

            
  

  
(
   

   
)                                   

          
  

  
(
   

   
) 

      ‖

  

  
[
  

  
           (

   

   
)]

(
  

  
)
 ‖  ‖

(
  

  
)
 
           

  

  
(
   

   
)

(
  

  
)
 ‖  

‖(       )          (        )‖

‖   ‖ 
              

Now      ( ⃗    )          ⃗  (    ⃗ )                                              

       
‖(       )          (        )‖

‖   ‖ 
 

‖    (        )‖

‖   ‖   

Since                  therefore  

  
‖              ‖

‖   ‖ 
 

‖   ‖‖          ‖      

‖   ‖ 
 

‖          ‖

‖   ‖ 
   

‖  ⃗     ⃗   ‖

‖ ⃗  ‖ 
 

REMARK: if       then we can find the curvature of the curve by the above formula. 

PREPOSITION (2nd method) (BS;2018): 

 let      be a regular curve in    then its curvature is    
‖ ̈  ̇‖

‖ ̇‖       
‖      ‖

‖  ‖ 
 .   OR  let      

be a regular curve in    then its curvature is    
‖ ̈  ̇‖

‖ ̇‖ 
 

PROOF: Since    ⃗  
   

|   |
     |   | ⃗  

     
  

  
 ⃗       

   

   
 ⃗  

  

  
 ⃗    

          (
  

  
)
 

( ⃗   ⃗  )  

 |        |  (
  

  
)
 

| ⃗   ⃗  |  |        |  (
  

  
)
 

| ⃗  |        | ⃗   ⃗  |  | ⃗ || ⃗  |       | ⃗  | 

 | ⃗  |  
|        |

(
  

  
)
  | ⃗  |  

|        |

|   | 
  

  |   |  
|        |

|   | 
  

   
‖      ‖

‖  ‖ 
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EXAMPLE:    (Circular helix with z – axis) if                          then find the curvature 

of the curve. 

SOLUTION:  Given                         

                                                      

Then   ⃗     ⃗    |
 ̂  ̂  ̂

             
            

|                                    

   ⃗     ⃗                ̂             ̂                     ̂  

   ⃗     ⃗              ̂           ̂     ̂  

 ‖  ⃗     ⃗   ‖  √                       √         √        

Also   ‖ ⃗  ‖  √                   √         Then    
‖( ⃗     ⃗  )‖

‖ ⃗  ‖  
 √     

(√     )
  

 

      

EXERCISE:  Find K where   
‖( ⃗     ⃗  )‖

‖ ⃗  ‖ 
  or    ‖        ‖ 

i.                 ii.                     

iii.       (
 

 
             

 

 
    ) iv.       (

 

 
     

 

  
 

 
     

 

     
 

√ 
) 

v. let                    be a unit speed curve then prove that   |           | 

vi.                            

 Symbol      used is called torsion, discussed later.  

   

QUESTION: if       is a unit speed curve with                      show that if    is a spherical 

then 
 

 
 

 

  
(

  

   
) if and only if              where   is constant radius of sphere  

SOLUTION:  Consider 
 

 
 

 

  
(

  

   )         

   
 

 
     

  

       
  

           
 

 
   

 

 
  

    
 

 
 

 

  
(

  

   )  
 

 
  

 

  
          

 

  
         

 

  
             

          
 

  
         ∫       ∫     

 

  
                    

  
  

 
  

(   )
 

 
                                       

CONVERSLY:  Suppose that                         
 

  
         diff.w.r.to ‘s’    

    *   
 

  
     +               *   

 

  
     +        

 

  
        

 
 

 
  

 

  
      

 

 
 

 

  
(

  

   )     
 

 
     

  

       
  

           
 

 
   

 

 
 

UNIT TANGENT VECTOR: Let       be a unit speed curve in    then     
   

  
    is a unit tangent 

vector at any point       . 

ALSO  Let       be a regular curve in    then    
      

|      |
 is a unit tangent vector at any point       . 

TURNING ANGLE OF  ⃗  : The smooth function           is called the turning angle of    

determined by the condition         
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SIGNED CURVATURE:  Arc rate of rotation of the tangent vector in clockwise or anti clockwise 

direction is called Signed curvature. It is the rate at which tangent vector of the curve rotates. 

i.e.    
  

  
                             

When the curve lies in a plane we may assign a sign of plus or minus to measure the arc rate of 

rotation the tangent clockwise or counter clockwise. 

 

THEOREM:         Suppose       is a unit speed curve in    then curvature of the curve is absolute 

valued of its signed curvature. i.e.    ‖  ‖ 

PROOF:  

 

Suppose       is a unit speed curve in    . And let     
   

  
    be the unit tangent vector of       

since       is a unit speed curve.                                             

Now there are two unit vectors perpendicular to     among them first is 

 ⃗                             and second is           which is a unit vector obtained by 

rotating the tangent vector    in anti-clockwise direction by an angle 
 

 
              

Then              ⃗           ⃗           ⃗   ‖    ‖  ‖   ⃗  ‖    ‖  ‖‖ ⃗  ‖  

   ‖  ‖        ‖  ‖ hence the result. 

OR let          is a unit speed curve and      be the angle through which a fixed vector must 

be rotate anticlockwise to bring it into coincidence with unit tangent vector    of    then   

   
  

  
   ‖  ‖ 

THEOREM: Let       be a unit speed curve. Let       be the angle through which a fixed vector 

must be rotated anti – clockwise to bring it into coincidence with the unit tangent vector    of    

then show that    
  

  
 

PROOF: let    be a fixed unit vector and  ⃗  be the unit vector obtained by rotating    in an anti-

clockwise direction by an angle 
 

 
 then  

 

           ⃗           
  ̂

  
        

  

  
  ⃗     

  

  
  (         ⃗     )

  

  
  

         [             ( ⃗    )    ]
  

  
              

  

  
          

Since we have      ⃗           ⃗    then        ⃗            
  

  
       

   | ⃗  ||  |   (  
 

 
)        

  

  
                 

  

  
     

  

  
                

  result shows that signed curvature    is the arc rate of rotation of the tangent vector. 
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QUESTION:                         Find the signed curvature of                  

ANSWER:  

 Given                                    ‖      ‖  √         √        

 ‖      ‖        

Then for arc length      ∫ ‖      ‖  
 

  
      ∫        

 

 
 

      |     | 
                                                   

Now let   is the angle between     and x – axis then                

      
  

  
   

  

  
 

 

     
 

  

  
 

 

       
 

 

    
     

 

    
  

RESULT: Let       be a unit speed plane curve and    
  

  
  then            ∫        

 

 
 

where   is the length of curve and            is total signed curvature. 

PROOF: Given that       be a unit speed plane curve and    
  

  
  then   

        ∫        
 

 
 ∫   

 

 
           ∫        

 

 
 when   is the length of curve 

 

COROLLARY: The total signed curvature of a closed plane curve is an integer multiple of      

ROTATION THEOREM (Hopf’s Umlaufsatz):  

The total signed curvature of a simple closed curve in    is      

 

PROOF: let        be a unit speed plane curve   is its length then the total signed curvature of    

is            ∫        
 

 
 where    is a turning angle of    

Now    is            then                                              then by 

equation [                 ]  [                ]                               

           is an integer multiple of    

 

RIGID MOTION:  A rigid motion in    is a mapping         Of the form     ⃗   ⃗   where 

 ⃗   is an anticlockwise rotation by an angle   with about the origin. And               

 ⃗                                   and   ⃗  is the translation by the vector    and 

  ⃗        for any            

EXAMPLE:  For  ⃗                                                                         

  ⃗                                               ⃗              

 

ww
w.
Ra
na
Ma
th
s.
co
m

www.RanaMaths.com

www.RanaMaths.com



23 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

THEOREM: Let           by any smooth function then there is a unit speed curve 

            whose signed curvature is K. further if  ̃ ( ̃  ̃)     is any other unit speed 

curve whose signed curvature is K, there is a rigid motion  ̃     [     ]       ( ̃  ̃) 

PROOF: For the first part fix          for any         then      ∫       
 

  
      

  

  
  

then       *∫          
 

  
  ∫          

 

  
  +        

                 

then tangent vector        [                 ] is a unit vector making angle      with the   

x – axis and thus       is a unit speed plane curve and its signed curvature is       
  

  
   or  

  

  
 

 

  
∫       

 

  
         

Now for the second part let  ̃    be the angle between the x – axis and the unit tangent vector 

 ̃  of  ̃ then   ̃     [    ̃        ̃     ]         

  ̃    *∫     ̃     
 

  
  ∫     ̃     

 

  
  +   ̃     ………….(i)                                      

now by using 
  ̄

  
      ∫   ̃

 

  
 ∫       

 

  
  ̃     ̃     ∫       

 

  
                         

  ̃    ∫       
 

  
  ̃      ̃          ̃      also take  ̃        and  ̃       

then      ̃    *∫    [      ]  
 

  
  ∫    [      ]  

 

  
  +     

  ̃    *∫ [                       ]  
 

  
  ∫ [                       ]  

 

  
  +      

  ̃    *    ∫               ∫          
 

  

 

  
      ∫          

 

  
     ∫          

 

  
  +   ⃗⃗   

  ̃      ⃗   ⃗  (     )   ̃     [     ] 

UNIT PRINCIPAL NORMAL: 

                                                                                      
a vector perpendicular to the tangent at ‘P’ is called the unit principal normal at ‘P’ and it is 

denoted by  ⃗ . Where the straight line passing through ‘P’ on ‘C’ and parallel to the unit 

principal normal is called unit principal normal line at that point ‘P’ 

PRINCIPAL NORMAL:   if the curvature      is non – zero i.e.        we define Principal 

normal of    at the point       to be the vector   ⃗   
 

     
    ‖ ⃗  ‖  ‖

 

     
‖‖   ‖                                 

 ‖ ⃗  ‖    which is our unit principal normal.  ‖   ‖  ‖    ‖    

OSCULATING PLANE OR PLANE OF CURVATURE:   

                                                                              
Plane containing two consecutive tangents at a point P and three consecutive points at P             

OR the plane parallel to the unit tangent and unit principal normal is called osculating plane at 

point ‘P’ to the curve ‘C’                  

if  ⃗  is any point on this plane then  ⃗        and  ⃗  are Coplanar vectors so, [ ⃗⃗   ⃗      ⃗⃗ ]    this 

is the scalar triple product and this is the equation of osculating plane.  
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EQUATION OF OSCULATING PLANE (2nd form):     

we know that   Since        and            ⃗       ⃗  
    

 
      * ⃗         

    

 
+     

 [ ⃗             ]      Also    [ ⃗    ]  ⃗    

QUESTION:  If             are linearly independent at a point   ⃗⃗  ⃗  along the curve          then 

show that osculating plane is [ ⃗         ⃗ ]    

Solution: given              
   

  
 

   

  
 
  

  
      

      
 

  
                         ⃗              (    )  (        ⃗   )         ⃗  

At      ⃗⃗  ⃗     
 
    

  
      

     
⃗⃗⃗⃗                   are linearly independent at a point   ⃗⃗  ⃗   

   
⃗⃗⃗⃗  

   
 
    

  

        
  also we know that equation of osculating plane at      ⃗⃗  ⃗ is [ ⃗    ⃗⃗  ⃗]   

⃗⃗⃗⃗     

 [ ⃗    ⃗⃗  ⃗]   
⃗⃗⃗⃗  [ ⃗    ⃗⃗  ⃗] 

   
 
    

  

        
   [ ⃗    ⃗⃗  ⃗]    

 
    

  
   [ ⃗    ⃗⃗  ⃗    

 
    

  
]      

 [ ⃗         ⃗ ]          ⃗⃗  ⃗             ⃗        

 Possible Q: If  ̇     ̈ are linearly independent at a point     along the curve        

then show that osculating plane is [       ̇   ̈]     ;                

Question:          Find the equation of the osculating plane of the given curve             

                                                      

Solution: given curve                                   

                                                                         

 [ ⃗         ⃗ ]            |
            

   
   

|                                                                               

                                                                      

                      this is equation of osculating plane for given curve. 

Question:          Find the equation of the osculating plane of the given curve             

                                          ̂        ̂     ̂ 

Solution: given curve             ̂        ̂     ̂ then comparing it with                       

        ̂    ̂    ̂                                                                                            

now        * ⃗         
    

 
+                 |

         

      

   

 

   

 

   

 

|    

 
 

 
|

         

      

         
|     |

         

      

         
|                                        

now as                                                                                              

                                                                                   

 |
                 
             
             

|                                                         

  (               )                                                      

            this is equation of osculating plane for given curve. 
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BINORMAL AT ‘P’:                                                                     

the normal at ‘P’ which is perpendicular to the osculating plane is called binormal at ‘P’                        

the vectors  ⃗     and  ⃗  are perpendicular to each other. A straight line passing through ‘P’ and is 

parallel to the binormal at ‘P’ is called binormal line. 

EQUATION OF BINORMAL: 

We know that  ⃗       ⃗     and Since   ⃗      ⃗  ,           ⃗  
    

 
 

  ⃗       ⃗   ⃗           ⃗      ⃗⃗   ⃗     ⃗   
 ⃗   

 
   Which is required equation 

RECTIFYING PLANE: 

                                                                  

the plane through ‘P’ which is parallel to the unit tangent     and unit binormal  ⃗⃗   is called 

Rectifying plane.     so 

        ⃗   ⃗   ⃗   ⃗    

     ⃗   ⃗   ⃗   ⃗       

   ̂   ⃗   ⃗         ⃗      ⃗             ⃗   ⃗     

  ⃗       ⃗            ⃗    ⃗         ⃗   ⃗      

 The triplet    ̂  ⃗⃗   ⃗⃗   of unit tangent, unit principal normal and unit binormal is called 

moving trihedran. This is the set of orthonormal vectors of    and is Right handed.  

INTERESTING FACT: 

The plane determined by the normal and binormal vectors  ⃗  and  ⃗  at a point P on a curve C is 

called the Normal Plane of C at P. it consists of all lines that are orthogonal to the tangent 

vector   . The plane determined by the vectors    and  ⃗  is called Osculating Plane of C at P. it is 

the plane that comes closest to containing the part of the curve near P. ( for a plane curve, the 

osculating plane is simply the plane that contains the curve). 
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SERRET FRENET FORMULAE (PP, 2019):                               

the Serret Frenet Formulae are derived from the fact that the frame vectors are mutually 

perpendicular and that they have unit length. Formulae are as follows; 

i.     
   

  
   ⃗  ii.  ⃗   

  ⃗ 

  
    ⃗  iii.  ⃗   

  ⃗ 

  
   ⃗      

PROOF (i):        
   

  
   ⃗⃗  

 

The unit tangent is not a constant vector as its direction varies from point to point of the curve. 

Let    and      ⃗⃗  ⃗ are its values at two different points ‘E’ and ‘F’ respectively. The vectors   ⃗⃗⃗⃗  ⃗ 

and   ⃗⃗⃗⃗  ⃗ are respectively equal to these. Then                                                             

  ⃗⃗  ⃗    ⃗⃗⃗⃗  ⃗ and   ⃗⃗⃗⃗        also 
   

  
          ⃗⃗⃗⃗  ⃗ and its direction is perpendicular to tangent    

moreover  |  ⃗⃗⃗⃗  ⃗|  |  ⃗⃗⃗⃗  ⃗|     also the modulus value of 
   

  
 is the limiting value of 

  

  
 which is ‘K’ 

hence   
   

  
        

   

  
   ⃗   where  ⃗  is the unit vector perpendicular to    and in the plane of 

tangent at ‘P’ and at a consecutive point ‘P’ so      
   

  
   ⃗  

OR we know that 

    
  

  
 ‖  ‖  ‖

  

  
‖    ‖

  

   
 
   

  
‖  ‖

  

   
‖‖

   

  
‖    ‖

   

  
‖  ‖   ‖                       

also   ‖   ‖  ‖    ‖         and since ‖   ‖              

Diff.w.r.to ‘s’                             ⃗         ⃗        ⃗   from (ii) 

PROOF(Annual;2018) (ii):      ⃗⃗   
  ⃗⃗ 

  
    ⃗⃗  

Consider      ⃗   ⃗    

Diff. w.r.to ‘s’ 

 ⃗ 
  ⃗ 

  
 

  ⃗ 

  
 ⃗       ⃗ 

  ⃗ 

  
    ⃗ 

  ⃗ 

  
    ⃗   ⃗      ⃗   is perpendicular to  ⃗    ……………(i) 

Again Consider     ⃗    

Diff. w.r.to ‘s’ 

   

  
 ⃗    

  ⃗ 

  
          ⃗       ⃗       ⃗   ⃗       ⃗         ⃗        ⃗   ⃗  

  ⃗   is perpendicular to       …………………………(ii) 

From (i) and (ii)    ⃗   is parallel to  ⃗      ⃗      ⃗            ⃗   
  ⃗ 

  
    ⃗                                                   

where   measure the arc rate of rotation of binormal. 
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PROOF (iii):      ⃗⃗   
  ⃗⃗ 

  
   ⃗⃗      

Consider   ⃗   ⃗          Diff. w.r.to ‘s’   
  ⃗ 

  
  ⃗  

   

  
 

  ⃗ 

  
     ⃗       ⃗       

 ⃗    ⃗    ⃗      ⃗       ( ⃗   ⃗ )   (  ⃗    )   (   )   ( ⃗ )         ⃗  

  ⃗   
  ⃗ 

  
   ⃗      

THE SERRET FRENET TRANSFORMATION (MATRIX FORM):    

Since                   

i.     
   

  
   ⃗  ii.  ⃗   

  ⃗ 

  
    ⃗  iii.  ⃗   

  ⃗ 

  
   ⃗      

Then the matrix [
   

  ⃗⃗  ⃗

 ⃗  

]  [
   

    
    

] [
  

 ⃗ 

 ⃗ 
] is called matrix form of Serret Frenet Formulae. 

Let    [
   

    
    

]     [
    
    
   

]   [
   

    
    

]         

 matirx is Skew Symmetric. 

THE SERRET FRENET APPARATUS:                     

the Serret Frenet apparatus of a unit speed curve       are  [                 ⃗      ⃗    ] 

Question:    Show that          (
 

  
       

 

  
        

  

  
      ) is a unit speed curve and 

find its Serret Frenet Apparatus. 

Solution: Since         (
 

  
       

 

  
        

  

  
      )       

          ( 
 

  
                

  

  
      )              

  ‖       ‖  
  

   
                

   

   
                         ‖       ‖     

 ‖       ‖     given curve is unit speed curve. 

Now we can find the Serret Frenet Apparatus  

           ( 
 

  
               

  

  
      )             (

 

  
              

  

  
      ) 

          ||

 ̂  ̂  ̂

 
 

  
              

  

  
      

 
 

  
             

  

  
      

||  (
  

  
   

 

  
)      

  ‖         ‖  
   

   
    

  

   
   ‖         ‖    

Now   ⃗    ⃗     ⃗     
  

   
         

  

   
        ⃗    ⃗     ⃗       

For curvature     
‖        ‖

‖   ‖ 
 

 

 
   and for torsion     

              

‖        ‖ 
 

 

 
   

Also since        ( 
 

  
                

  

  
      )      

      ⃗     ⃗       ( 
 

  
               

  

  
      )  and      

 ⃗      ⃗           (
  

  
   

 

  
)  
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PRACTICE:    CALCULATE SERRET FRENET APPARATUS OF THE FOLLOWINGS; 

i.                   

ii.                       

iii.                       

iv.                              

v.         (    (
 

 
)      (

 

 
)   ) 

vi. Show that          (
 

 
     

 

  
 

 
     

 

  
 

√ 
) is a unit speed curve and find its Serret 

Frenet Apparatus. 

vii. (BS;2016) Show that          
 

 
(          √           ) is a unit speed curve 

and find its Serret Frenet Apparatus. 

 

Question:    (BS;2018) Show that          (
 

 
             

 

 
    ) is a circle and find its 

radius, centre and plane in which it lies. 

Solution: Since         (
 

 
             

 

 
    )              ( 

 

 
              

 

 
    )         

  ‖       ‖  
  

  
            

 

  
                   ‖       ‖                                   

 ‖       ‖     given curve is unit speed curve. 

Now we can find the Serret Frenet Apparatus  

           ( 
 

 
          

 

 
    )             (

 

 
            

 

 
    ) 

          ||

 ̂  ̂  ̂

 
 

 
         

 

 
    

 
 

 
        

 

 
    

||  ( 
 

 
    

 

 
)      

  ‖         ‖  
 

  
    

  

  
   ‖         ‖    

Now   ⃗    ⃗     ⃗      
  

  
       

  

  
      ⃗    ⃗     ⃗       

For curvature     
‖        ‖

‖   ‖ 
 

 

 
   and for torsion     

              

‖        ‖ 
 

 

 
   

Also since        ( 
 

 
              

 

 
    )       

      ⃗     ⃗       ( 
 

 
          

 

 
    )   ⃗  ( 

 

 
          

 

 
    )     

    ⃗    ( 
 

 
          

 

 
    )   ⃗              ⃗      ⃗             

  ⃗            ⃗                                  

Now let   
 

 
                 

 

 
                    (after solving) 

                                

Now  if z = 0 then                    is an equation of circle centered at       having 

radius ‘1’ lies in xy – plane. 

Or  if x = 0 then                    is an equation of circle centered at       having 

radius ‘1’ lies in yz – plane. 

Or  if           then                    is an equation of circle centered at 

      having radius ‘1’ lies in xz – plane. 
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Question:    if the nth derivative of    w.r.to ‘s’ is given by              ⃗     ⃗   then prove 

the reduction formulae                ,                   ,                

Solution: Since given                ⃗     ⃗                

                    ⃗       ⃗        

Diff     w.r.to ‘s’                    
      ⃗     ⃗     

  ⃗     ⃗        

                    ⃗       ⃗    (  ⃗     )    
  ⃗        ⃗   

                                   ⃗         
   ⃗        

Comparing    and    we get 

              ,                   ,                

Question: Prove that             ⃗          ⃗  

Solution: Since                            
   

  
                  

   ⃗⃗⃗⃗ 

  
 

    

   
 

 

  
   ⃗⃗⃗⃗  ⃗  

   

  
  

         ⃗                                                

          ⃗      ⃗                  ⃗          ⃗       ⃗        ⃗⃗          ⃗⃗  

 

Question: Prove that                      ⃗                    ⃗  

Solution: Since             and                       ⃗          ⃗                                             

          
 

  
    ⃗          ⃗     

              ⃗     ⃗                    ⃗      ⃗     ⃗   

              ⃗    (  ⃗     )              ⃗       ⃗      ⃗        ⃗   

              ⃗      ⃗                  ⃗      ⃗      ⃗      ⃗  

                       ⃗                ⃗         

   ⃗                 ⃗⃗                    ⃗⃗  

 

QUESTION(BS;2019): if        is a unit speed curve whose image lies on a sphere of radius ‘R’ and 

centre ‘C’ then             then       ⃗      ⃗  and               where   is constant 

radius of sphere  

SOLUTION: Let      be a vector in 3D, so we have                                    

                                                   

                                      

            
 
                           ⃗               

           ⃗   
 

 
              ⃗              ⃗                                              

          (  ⃗     )      ⃗                 ⃗                       

            ⃗                     

            ⃗                  ⃗   
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Since     ⃗   ⃗  is an orthonormal set of three vectors, then every vector in    can be expressed as linear 

combination of these basis sets, thus we can write                  ⃗    ⃗          

                           ⃗       ⃗                       

Similarly            ⃗                 ⃗        

                     ⃗    ⃗                ⃗        ⃗  

        ⃗        ⃗  

                  (taking self-product) 

QUESTION(BS;2016): 

 if    is the arc length of centre of spherical curve of a regular curve                  

having arc length ‘s’ determine the relationship between ‘s’ and       And also find Serret Frenet 

apparatus of the curve. 

SOLUTION: Since the equation of center of spherical curve      is given by        ⃗      ⃗   

where         are the radius and torsion of curvature of curve respectively. 

 
  

  
 

  

   

   
  

          ⃗    ⃗        ⃗       ⃗      ⃗   

    
   
  

       ⃗   (  ⃗     )       ⃗       ⃗         ⃗   

    
   
  

                ⃗  (
 

 
       )  ⃗          

        
   

  

   

  
 (

 

 
       ) (

 

 
       )  ⃗   ⃗  

   

  
 (

 

 
       )  

  

   
 (

 

 
       )

  
  

Now         
  

   
(
 

 
       )  ⃗  (

 

 
       )

  
(
 

 
       )  ⃗       ⃗  

 
    

   
 

  ⃗ 

  

  

   
  ⃗  (

 

 
       )

  
     ⃗  (

 

 
       )

  
          ⃗  (

 

 
       )

  
 

  ⃗     ⃗    and                   

  ⃗        ⃗    ( ⃗   ⃗ )   ⃗      

 
  ⃗  

   
 

   

  

  

   
    (

 

 
       )

  
    ⃗  (

 

 
       )

  
  ⃗    (

 ⃗ 

 
) (

 

 
       )

  
  

      ⃗    (
 ⃗ 

 
) (

 

 
       )

  
    * (

 

 
       )+

  
  

Where the Serret Frenet apparatus are                ⃗     ⃗   

QUESTION:   Prove that the rectifying line is parallel to the vector        ⃗  

PROOF: Since the equation of rectifying plane is ( ⃗    )  ⃗           

( ⃗    )  ⃗           ⃗    ( ⃗    ) (  ⃗     )      ⃗    ( ⃗    ) (  ⃗     )        from (i) 

and (ii)  ( ⃗    ) is perpendicular to both  ⃗       (  ⃗     ) 

Now  ⃗   (  ⃗     )  [ ( ⃗   ⃗ )   ( ⃗    )]  [ (  )   (  ⃗ )]        ⃗  

 ( ⃗    ) is parallel to       ⃗  and hence rectifying lines are parallel to the vector        ⃗  
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QUESTION: Suppose the path traced by the particle is          then prove that                                   

(i) Acceleration vector lies in the osculating plane.         

(ii)Find the tangential and normal component of the acceleration. 

Solution: Since             and                  
   

  
 

   

  
 
  

  
     

  

  
    

  

  
                                         

         
    

   
 

 

  
(   

  

  
)  

 

  
(   

  

  
)  

  

  
 [

   

  
 
  

  
    

   

   
 
   

  
]
  

  
 

            (
  

  
)
 
 

   

   
                 ⃗⃗    (

  

  
)
 
  ⃗⃗  

   

   
    

  This shows that acceleration vector is in plane formed by    and  ⃗  which is the osculating plane.  

                                      

Tangential component of the acceleration =  
   

   
              

normal component of the acceleration    =  (
  

  
)
 
  ⃗  

TORSION: the rate of turning of binomial is called the torsion of the curve at the point ‘P’ . it is 

denoted by       Torsion can also be defined as “the rate of rotation of the osculating plane” 

this is also called Second Curvature. 

  

 Curvature is always positive but torsion may be positive or negative. 

 Torsion is regarded as positive if rotation of binormal as ‘s’ increases is in same sense of 

right handed screw. 

RADIUS OF TORSION: reciprocal of torsion is called radius of torsion and it is denoted by     

thus   
 

 
 and   

 

 
. It is important to note that there is no circle of torsion or centre of 

torsion associated with the curve in the same way as circle. 

PREPOSITION(BS;2018):       Let       be a regular curve in    with nowhere vanishing curvature 

then     prove that    
 

  
[              ]  

[              ]

‖        ‖ 
  or    

              

‖        ‖  
              

‖        ‖ 
 

PROOF :  we know that        ,,             ⃗   and          ⃗    ⃗      ⃗   (  ⃗     )    

then      [              ]                    [  ⃗      ⃗     ⃗       ] 

 [              ]     [     ⃗   ⃗      ( ⃗   ⃗ )    ( ⃗    )] 

 [              ]     [          (  )    (  ⃗ )]     (     )    (    ⃗ )               

 [              ]           
 

  
[ ⃗    ⃗     ⃗    ]           

Now since    is a unit speed curve so          ‖        ‖  ‖   ‖ ‖    ‖                 

 ‖        ‖      then       
 ⃗    ⃗     ⃗    

‖ ⃗    ⃗   ‖ 
 

We may replace                with                thus also    
              

‖        ‖ 
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EXAMPLE (Annual;2019):   

Find torsion of the circular helix                         also show that circular helix is just 

a circle in xy – plane. Or if b = 0 then     then the curve will be straight plane. Also find its 

curvature. 

Given                                                                  

                                                        

          |
 ̂  ̂  ̂

            
             

|           ̂           ̂                    ̂  

                                    

 ‖        ‖                                                         

 ‖        ‖                                                      

Also   ⃗    ⃗     ⃗                                                   

  ⃗    ⃗     ⃗                                                  

   
              

‖        ‖ 
 

   

         
 

 

(     )
     and if b = 0 then     then the curve will be straight 

plane. Or circular helix is just a circle in xy – plane. 

EXAMPLE:  Find torsion of the circular helix                           

Given                          this is the curve drawn on the surface of circular cylinder 

cutting the generators at the constant angle  . 

 
   

  
                                  But this is the unit vector so that its square its 

unity and therefore   |  |
 
                       

     

                             

                                             ⃗                        

Then the PRINCIPAL normal is the unit vector  ⃗                 and          
     

 
 

                              

            |

 ̂  ̂  ̂

                       

                      

|                    

Hence                        [              ]                  

   
      (  )

 

   
      .√

     

  /

 

(
     

 
)
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QUESTION:  Prove that  (i) If     at all the points then curve is a straight line.    

(ii) If     at all the points then curve is a plane. 

Solution: 

Proof (i) 

Using Serret Frenet formulae        ⃗  

Now if      then       

             

                                                       

i.e. tangent is fixed 

This is possible only if curve is a straight line. 

Proof (ii) 

Again Using Serret Frenet formulae  

 ⃗      ⃗  

Now if      then  ⃗     

  ⃗           

This is possible only if curve is a plane. 

POSSIBLE Q (PP;2016,18):  Prove that if     at all the points then curve will be straight line. 

Also show the behavior of the curve if      

PREPOSTION:  Let    be a regular curve in    i.e. curve of class    with nowhere vanishing 

curvature then then image of    is contained in a plane if and only if     at every point of the 

curve. 

PROOF: We can assume that    is a unit speed curve and          where‘s’ a parameter. And 

suppose first the image of    contained in plane   ⃗   ⃗⃗    where  ⃗⃗  is a fixed vector and  ⃗      

and we can assume that  ⃗⃗  is a unit vector 

Now since    lies on plane   ⃗   ⃗⃗    therefore     ⃗⃗         ⃗⃗      ⃗⃗         

      ⃗⃗             ⃗⃗  is a fixed  also      ⃗⃗                                     

          ⃗⃗      ⃗⃗          ⃗⃗      ⃗   ⃗⃗          ⃗   ⃗⃗               

equation               show that   ⃗⃗  is perpendicular to both         ⃗    ( ⃗       ⃗ )   ⃗⃗     

now since  ⃗       ⃗⃗  are unit vectors and  ⃗     is smooth function of ‘s’ we must have 

 ⃗       ⃗⃗   ⃗  is constant   ⃗        ⃗      ⃗        

     for every point of  the curve                    

CONVERSLY:     Using Serret Frenet formulae   ⃗      ⃗                                                                            

Now if      then  ⃗       ⃗           this is possible only if curve is a plane. 

 Possible Question: Show that a curve is a plane curve iff all osculating planes have a 

common point of intersections. 

PREPOSTION (Annual;2015,19):   

Show that the Principal normals at consecutive points do not intersect unless     

PROOF: Suppose ‘P” and ‘Q’ are two consecutive points with position vectors                

and unit PRINCIPAL normals be  ⃗       ⃗    ⃗ . For intersection of the PRINCIPAL normals the 

necessary condition is that the three vectors       ⃗        ⃗  be coplanar. i.e.       ⃗       ⃗   be 

coplanar   

This requires [     ⃗   ⃗  ]    [    ⃗    ⃗     ]     [    ⃗   ⃗ ]        [    ⃗   ⃗ ]    

thus the PRINCIPAL normals at consecutive points do not intersect unless     
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QUESTION:   Prove that the necessary and sufficient condition for a curve to be plane is 

[              ]    . 

PROOF:                       :  If the curve is plane then      

Since we prove that    
 

  
[              ]   

 

  
[              ]     

 

     [              ]    

                      : 

Given that [              ]     
 

  
[              ]             Curve is plane. 

PREPOSTION (Annual;2018,19):   

For          find the curvature and torsion of its centre of spherical curve. 

Solution: Let               
   

  
 

      

  
 

      

  
 
  

  
                                                       

       
    

  
 

 

  
[         ]  

       

  
         

   

  
 

       

  
 
  

  
                       

                                      

Taking cross product of                       [         ]  [                      ]   

          [              ]      [             ]      [              ]        

          [              ]               

      
‖        ‖

‖   ‖ 
 

‖              ‖‖  ‖
 

‖      ‖ ‖  ‖ 
 

‖              ‖

‖      ‖ 
 

‖      ‖‖       ‖      

‖      ‖ 
           

 
‖        ‖

‖   ‖ 
 ‖       ‖       ‖      ‖                            

FOR TORTION: 

Now since                               and                                      

Then         
     

  
 

        

  
 
  

  
                     

       

  
 
  

  
                

                                                             

                                                         

Now           [              ]      

Then                   {[              ]     } {                                       } 

                 

 {[              ]         }       {[              ]        }        

 {[              ]                } 

                  {[              ]         }          

                  {[              ]         }       Also ‖        ‖  ‖              ‖       

Then  
(        )      

‖        ‖ 
 

{[              ]         }(  )
 

‖              ‖      
 

{[              ]         }

‖              ‖    
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QUESTION:   if tangent and binormal at a point of curve make angle ‘ ’ and ‘ ’ respectively 

with the fixed direction then show that 
      

      
  

 

 
 

Solution: 

 

Let C be a given curve with a point ‘P’ on it and ‘a’ is any unit vector along the fixed direction 

making angles ‘ ’ and ‘ ’ with tangent and binormal respectively. Then  

      |  | |  |            

             

Differentiate with respect to ‘s’ 

                
  

  
     

   ⃗           
  

  
     ………….(i) 

 

Similarly 

 ⃗     | ⃗ | |  |            

  ⃗           

Differentiate with respect to ‘s’ 

  ⃗              
  

  
      

    ⃗           
  

  
     ………….(ii)

Dividing eq (i) by (ii)     
  ⃗   ⃗ 

   ⃗   ⃗ 
 

      
  

  

      
  

  

   
 

 
 

      

      
 

Question:   For any curve                              prove that  ⃗                

and   
 

             
 

Solution: Since                                                                                                        

           
   

  
 

   

  
 
  

  
                                           

                                                

                                               

                                …………………(i) 

  |   |  |                         | 

     √         [                        ]      

             √[                   ]      

             √[                   ]      

             √[     ]                 
 

        √     
 

                                 
 

        √     
        

                 

√     
 

Differentiate w.r.to ‘s’        
   

  
 

   

  
 
  

  
 

               

√     
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     ⃗  
               

√     
 

 

        √     
  

     ⃗  
               

               
 

 

               
                ………….(ii) 

   |  ⃗ |  |
 

               
              | 

   |  ⃗ |  √*
 

               
+
 

 [               ]   

   |  ⃗ |  √*
 

               
+
 

 *
 

               
+     | |  [

 

        (     )
] 

     ⃗                        ⃗⃗                Hence proved 

 

Question:  Prove that the position vector of the current point on a curve satisfied the 

differential equation        
 

  
, 

 

  
( 

    

   
)-  

 

  
(
 

 

   

  
)  

 

 

    

   
   

Solution: 

      
 

  
, 

 

  
( 

    

   
)-  

 

  
(
 

 

   

  
)  

 

 

    

   
  

 
 

  
{ 

 

  
    ⃗  }  

 

  
(
 

 
  )  

 

 
  ⃗  

 
 

  
, 

 

  
    ⃗  -  

 

  
(    )      ⃗     

 

 
      

 

 
   

 
 

  
, 

 

  
  ⃗  -  

 

  
(    )    ⃗                  

 

 
      

 

 
   

 
 

  
{ (  ⃗     )}                  ⃗⃗     ⃗  

 

  
{   ⃗      }                  ⃗⃗    ⃗   

 
 

  
{ ⃗      }                  ⃗⃗    ⃗     

 

 
      

 

 
                                        

  ⃗                   ⃗⃗                   ⃗⃗     ⃗     ⃗    ⃗          

PARAMETER OTHER THAN  ‘s’:  these are as follows; 

   
|        |

|  | 
 

  ⃗  
        

      
 

   
[              ]

       
   

[              ]

  |   | 
 

  ⃗  
[             ]

      
 

    
(    )

 
 (   )

 

     

 

PROVE THAT         
| ⃗    ⃗   |

|  | 
        ⃗⃗  

 ⃗    ⃗   

      
  

Since             and                  
   

  
 

   

  
 
  

  
     

  

  
        …………….(i) 

         
    

   
 

 

  
(     )  0

   

  
       

   

  
1  .

   

  
 
  

  
/        .

   

  
 
  

  
/ 

         .
   

  
 
  

  
/                               ⃗              

           ⃗               ……………. (ii) 
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             ⃗          ⃗⃗  ⃗        ⃗        
   

  
        

    

  
 

             ⃗        (
  ⃗ 

  
 
  

  
)         ⃗        (

   

  
 
  

  
)         

    

  
  

             ⃗         ⃗             ⃗                       

             ⃗        (  ⃗     )         ⃗         ⃗              

             ⃗          ⃗                    ⃗         ⃗              

             ⃗          ⃗                    ⃗               …………..(iii) 

From (i) and (ii) we have 

               (  ⃗             )        (    ⃗ )       (     )        ( ⃗ )           

                ( ⃗ )  |        |  |      ( ⃗ )|  |      || ⃗ |   |  |    

   
| ⃗    ⃗   |

|  | 
 and    ⃗⃗  

 ⃗    ⃗   

      
 

REMARK: 

 Arc rate to turning of tangent is called curvature. 

 Arc rate to turning of binormal is called tortion. 

 Arc rate to turning of Principal normal is called screw curvature. 

PROVE THAT         
[ ⃗    ⃗     ⃗    ]

       
 

[ ⃗    ⃗     ⃗    ]

  | ⃗  | 
 

Since                    ( ⃗ ) 

                      ( ⃗ ) {   ⃗          ⃗                    ⃗             }  

                        ( ⃗   ⃗ )          ( ⃗   ⃗ )          ( ⃗    )             ( ⃗   ⃗ )  

          ( ⃗    )  

                                                                   

               

                            
[ ⃗    ⃗     ⃗    ]

       
 

[ ⃗    ⃗     ⃗    ]

  | ⃗  | 
               |   |  |  | |  |      

PROVE THAT        ⃗⃗  
[   ⃗        ⃗  ]

      
 

PROOF 

Since                  and          ⃗                

             (     )           …………….(i)  

          (  ⃗             )    ⃗                 …………..(ii) 

Subtracting equation (i) from  (ii)                       ⃗                          ⃗       

 ⃗  
[             ]
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PROVE THAT          
( ⃗   )

 
 (   )

 

     
 

PROOF:  Since                             

                   (               ) (               ) 

                                                                  

           ⃗    ⃗         ⃗               ⃗                         

            ⃗   ⃗         ⃗               ⃗                         

                      ⃗               ⃗                         

                              ⃗       

                          

    
( ⃗   )

 
 (   )

 

     
    

( ⃗   )
 
 (   )

 

 | ⃗  |  
               |   |  |  | |  |     

Question:  for the curve                               prove that      

Solution: 

Since   
|        |

|  | 
  

|        |

|   | 
    and          

[              ]

       
 

[              ]

        
 

Now                           

   ⃗⃗                          ………….(i) 

 |  ⃗⃗  ⃗|  √                              

 |  ⃗⃗  ⃗|  √                                          

 |  ⃗⃗  ⃗|  √                   √                  

 |  ⃗⃗  ⃗|  √             √        

       ⃗⃗ ⃗⃗                and       ⃗⃗ ⃗⃗  ⃗           

         [                       ]  [           ] 

         |
 ̂  ̂  ̂

                   
         

| 

          (                 ) ̂  (                       ) ̂

                    ̂ 

                               ̂                              ̂

                      ̂ 

                               ̂          ̂                       ̂ 

              [           ̂       ̂             ̂] 

              [       ̂       ̂         ̂] 
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 |        |  √       [                     ] 

 |        |      √                          √          

 |        |      √ √             √ √            √        

Now     
|        |

|   | 
 

   
    √ (    )

|  √       |
  

    √ (    )

        √         
 

 

         
  …………….(A) 

Now for    we have  

                   [       ̂       ̂         ̂] [        ] 

                    [                  ]      [   ]        

Now    
[              ]

  |   | 
 

     

[
 

  (    )
 ]

 (  √       )
  

     

 

   (    )
 [ 

      √        
 

    
         (    )

 

[       √        
 

  

[          
 

  

[          
 

 

         
  

    
         (    )

 

[       √        
 

  

[          
 

  

[          
 

 

         
         

 

         
    ……….(B) 

From (A)  and (B)     

NOTE: when two planes intersected then we get a line as a result of intersection and when 

three planes intersect then we get a point as a result of intersection. When two surfaces 

intersect each other we get a curve.  

Question:  for the curve                                find      

Solution: 

Since   
|        |

|  | 
  

|        |

|   | 
    and          

[              ]

       
 

[              ]

        
 

Now                                  ⃗⃗                    ………….(i) 

 |  ⃗⃗  ⃗|  √[         ]                 

 |  ⃗⃗  ⃗|  √                              

 |  ⃗⃗  ⃗|  √                 √               √                

       ⃗⃗ ⃗⃗                  and       ⃗⃗ ⃗⃗  ⃗                    

          [                 ]  [             ] 

          |
 ̂  ̂  ̂

               
           

|            ̂            ̂              ̂  

 |        |  √                                   

 |        |  √                                   

 |        |  √                  √                                                                      
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 Now     
|        |

|   | 
      

 √              

|√              |
  

Now for    we have  

               [          ̂            ̂              ̂] [              ] 

                                          

Now    
[              ]

  |   | 
 

    

[
 √              

|√              |

 ]
 (√              )

   

    
    

                  
 
*√              +

 

[              ] 
  

    
  

                
 
[              ]

 

[              ] 
     

  

                
 

 

Question:  for a point of the curve of intersection of the surfaces                 
 

 
 

prove that       
   

 
   where   

 

 
       

 

 
 

Solution: 

Since                                                         

                           

                                                                   

From (i) and (ii)          
 

 
        

But we are given that  
 

 
     

 

 
                

 

 
       

 

 
        

So                                                          

 |   |  √                       √                    

 |   |   √                 √        √        

 Now as                          

                                                         

Now                           |
 ̂  ̂  ̂

             
             

| 

                     ̂             ̂                      ̂ 

                     ̂            ̂         ̂             ̂            ̂     ̂ 

 |        |  √                               √                     

 |        |    √                  √                √        

 |        |    √       

ww
w.
Ra
na
Ma
th
s.
co
m

www.RanaMaths.com

www.RanaMaths.com



41 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

                [           ̂            ̂     ̂]          ̂           ̂    ̂ 

                                     

Now     
|        |

|   | 
       

  √      

(√       )
  

 ( √      )

(√       )
  

 

(√       )
  

 

         
   

   
 

   
  

 

 
      

   

 
 ………… (iii) 

Also    
[              ]

  |   | 
 

                  

  |   | 
 

 (                  )

  |   | 
 

 (     )

 
 

    
 (√       )

  

    
 (  )

  

      
       

 
      

       
 

    
 

 
    

   

 
  ………… (iv) 

From (iii) and (iv)      
   

 
 

REMARK:   

 A curve is defined uniquely by its curvature and torsion as functions of natural parameters. i.e. 

                   

NATURAL REPRESENTATION OR INTRINSIC EQUATIONS:   

The equations                     which give the curvature and torsion of the curve as 

functions of natural parameter ‘s’ are called the natural or intrinsic equations of a curve, for 

they completely define the curve. 

 

QUESTION (BS;2017):   

Find the natural representation or intrinsic equation of the curve 

    {                   }           

Solution: Given       {                   }           

  ̇    {                                 } 

  ̈    {                                                     } 

  ̈    {                          } 

  ⃛    {                                    } 

  ̇   ̈     {                                     } 

 | ̇|    √       and     | ̇   ̈|  √     √       

Using above values find                  ⃗      ⃗     
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Question:     Prove that the curve                                      lies on a sphere 

and also verify that all the normal planes pass through origin. 

Solution: Let                                     

                                          

                                       

                                                       

                                            

Which is the equation of sphere with centre at origin and radius ‘a’ 

Now equation of normal plane is  ( ⃗    )        ⃗             

Now if the plane pass through origin then  ⃗                

Thus all the normal planes will pass through origin if         

Now                              

       
   

  
 

   

  
 
  

  
                                        

                                    [                                      ]  

                                                             

                                                

       [                                  ]     

       [                     ]     [ ]                          

Thus all the normal planes will pass through origin 

 

Question:   for any binormal unit vector  ⃗  find  ⃗    and  ⃗     

Solution:  Since  ⃗      ⃗     ⃗    
  ⃗  

  
     ⃗    ⃗      ⃗        ⃗   (  ⃗     )                                         

  ⃗⃗        ⃗⃗     ⃗⃗       

  ⃗     
  ⃗   

  
      ⃗     ⃗        ⃗     ⃗                     

  ⃗          ⃗    (  ⃗     )       ⃗        ⃗                    ⃗   

  ⃗          ⃗      ⃗             ⃗     ⃗                  ⃗  

  ⃗                                   ⃗      ⃗       ⃗  

  ⃗⃗                                ⃗⃗       ⃗⃗  
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Question:   for any curvature evaluate   ⃗     ⃗   where  ⃗  is the binormal unit vector. 

Solution: Since  ⃗      ⃗   and   ⃗        ⃗     ⃗       

  ⃗     ⃗   (    ⃗     ⃗      )     ⃗    

   ⃗     ⃗        ⃗   ⃗     ( ⃗   ⃗ )     (    ⃗ )  

  ⃗⃗     ⃗⃗        

 

MOMENTS:  

 if a vector    is localized in a line through the point P whose position vector is    relative to 

origin O then the moment of    about O is      . It is  a scalar quantity. Moment of a vector 

about a point is a vector, called , Moment vector. 

Let          be a regular curve of class    with     ⃗   ⃗   then the moments of     ⃗   ⃗  at a point 

on       about the origin are defined as                     ⃗             ⃗    

 

QUESTION:     if          are the moments about the origin of unit vectors     ⃗   ⃗  localized in 

the tangent , normal and binormal and dashes denote differentiation w.r.to ‘s’ then show that  

  
             

   ⃗                  
    ⃗      

Proof:  

if     is a current point then by definition of moment of forces about a point   

                    ⃗             ⃗    

     d                b     w      ‘ ’    
                            ⃗      

   
          ⃗     

      

also 

    
       ⃗      ⃗       ⃗     (  ⃗     )   ⃗   (    ⃗ )   (     )                               

   
   ⃗          

Similarly 

     
       ⃗      ⃗       ⃗         ⃗     ⃗        ⃗      

    
    ⃗      
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THEOREM (BS;2018):     if plane of curvature at every point of the curve passes through the 

fixed point then prove that curve is plane. 

Proof: 

 Let  ⃗  be the position vector of the current point lying in the osculating plane (plane of 

curvature) and    be the position vector of the point ‘P’ on the curve, then the equation of 

osculating plane is 

[ ⃗         ⃗ ]     ⃗         ⃗    ( ⃗    )  ⃗              

Let  ⃗   be the fixed point then  ⃗   must satisfy the equation (i)  since plane of curvature is 

passing through fixed point. 

 ( ⃗     )  ⃗               

D     w       ‘ ’    (
  ⃗  

  
 

   

  
)   ⃗  ( ⃗     ) 

  ⃗ 

  
   

 (    )  ⃗  ( ⃗     )     ⃗               ⃗  ( ⃗     )    ⃗           

  ( ⃗     )  ⃗       ( ⃗     )  ⃗    

If     then curve is plane. 

Now we prove that  ( ⃗     )  ⃗    

Let   ( ⃗     )  ⃗      ( ⃗     )         ⃗     and  also from (ii)  ( ⃗     )         ⃗    

 ( ⃗     )                   

So   ( ⃗     )           ⃗⃗    ⃗         which is the equation of the tangent. 

  tangent is fixed . since  ⃗  is fixed    curve is straight line. Which is not possible.  

Hence  ( ⃗     )  ⃗                and  curve is plane. 

SKEW CURVATURE:   the arc rate of rotation of normal is called skew curvature. i.e.   
  ⃗ 

  
  ⃗   (  ⃗     )    |

  ⃗ 

  
|  | ⃗  |  √      and this term | ⃗  | is called centre of circle of 

curvature. 

 

Question:    If   ⃗   (  ⃗     ) then find   ⃗    and  ⃗     

Solution: Since  ⃗   (  ⃗     )    ⃗    
  ⃗  

  
    ⃗    ⃗                                                  

  ⃗       ⃗       ⃗            ⃗                     ⃗       ⃗     ⃗          ⃗                         

  ⃗⃗             ⃗⃗     ⃗⃗        

  ⃗     
  ⃗   

  
              ⃗           ⃗       ⃗     ⃗               

  ⃗           ⃗       ⃗          (  ⃗     )      ⃗        ⃗              ⃗   

  ⃗           ⃗       ⃗     ⃗            ⃗           ⃗      ⃗            ⃗  

  ⃗⃗                                 ⃗⃗               ⃗⃗   
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SOME USEFUL RESULTS 

For                                                  ⃗               ⃗          ⃗  

                       ⃗                      ⃗  

Then  

               ⃗   (    ⃗ )       ⃗    ⃗      

             [             ⃗                      ⃗ ]                   

              [   ⃗          ⃗ ]                 

              ⃗  [   ⃗          ⃗ ]          ⃗   ⃗    

             ⃗  [             ⃗                      ⃗ ]                

            [   ⃗          ⃗ ] [             ⃗                      ⃗ ]    

            [   ⃗          ⃗ ] [             ⃗                      ⃗ ] 

                                                        

 

CIRCLE OF CURVATURE:  the circle of curvature at ‘P’ is the circle passing through three 

consecutive points on the curve ultimately coincident at ‘P’ then centre ‘C’ of such circle is 

called Centre of Curvature. And its radius is called Radius of Curvature. And it is denoted by     

the circle of  curvature lies in osculating plane at ‘P’ and its curvature is same as that  of 

curvature at ‘P’ so it has two consecutive tangents PQ and PR 

ALTERNATIVELY:  

   

the centre of curvature of a point ‘P’ is the point of intersection of Principal Normal at ‘P’ or 

with a Principal Normal and a Principal Normal at a consecutive point P’ which lies in the 

osculating plane. 

EQUATION OF CENTRE OF CURVATURE: 

  

 let     be the position vector of centre of curvature from the origin and    be the position vector 

of point ‘P’ then  ⃗⃗   ⃗    ⃗⃗   where     is the radius of curvature and its direction is always 

along the normal at ‘P’ 
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THEOREM:      the tangent to its locus is parallel to tangent to the curve. Prove that it lies on 

normal plane. 

PROOF:  

 

 Since         ⃗         
   

  
   ⃗⃗  ⃗     ⃗    ⃗       

   

  
       ⃗   (  ⃗     )  

  
   

  
       ⃗     ⃗            

   

  
       ⃗     ⃗                   

 

 
                                                           

 
   

  
    ⃗     ⃗                                                    

THEOREM:    if the radius of curvature is constant for the given curve C then prove that the 

tangent to its locus of the centre of curvature is parallel to the binormal at point ‘P’ to C. 

PROOF:  Since         ⃗         
   

  
   ⃗⃗  ⃗     ⃗    ⃗       

   

  
       ⃗   (  ⃗     )  

 
   

  
       ⃗     ⃗            

   

  
       ⃗     ⃗                   

 

 
                                                

 
   

  
    ⃗                            

 
   

   
 
   

  
 

   

  
  ⃗⃗⃗      ⃗                   

   

  
  ⃗⃗⃗      ⃗            ……….……(i)  

 (
   
  

  ⃗⃗⃗  )  (
   
  

  ⃗⃗⃗  )  (   ⃗ ) (   ⃗ ) 

 (
   

  
)
 

 (  ⃗⃗⃗     ⃗⃗⃗  )        ( ⃗   ⃗ )  (
   

  
)                     ⃗⃗⃗    ⃗  

Which show that the tangent to locus of the centre of curvature is parallel to the binormal at 

point ‘P’ to C. 

THEOREM:      If the radius of curvature is constant for the given curve C then prove that the 

curvature of locus    is same as the curvature of given curve i.e.      . 

PROOF:  Since         ⃗         
   

   
 

 

  
      ⃗   

  

   
 (  ⃗⃗  ⃗     ⃗    ⃗  ) 

  

   
                           

   ⃗⃗⃗   [      ⃗   (  ⃗     )] 
  

   
      ⃗⃗⃗   [      ⃗     ⃗      ] 

  

   
  

   ⃗⃗⃗   [      ⃗     ⃗    ] 
  

   
    

 

 
 

   ⃗⃗⃗   [   ⃗ ] 
  

   
                       

 |  ⃗⃗⃗  |  |[   ⃗ ] 
  

   
|     

   [  ] 
  

   
           |  ⃗⃗⃗  |  | ⃗ |                  

  

   
 

 

  
  

Now since    ⃗⃗⃗    ⃗      
   ⃗⃗⃗⃗ 

   
 

 

  
( ⃗ ) 

  

   
      ⃗⃗⃗     ⃗   

 

  
       ⃗⃗⃗⃗     ⃗  

 

  
     

      ⃗⃗⃗⃗   
 ⃗ 

 
         ⃗⃗⃗⃗     ⃗        

 

 
                and    ⃗⃗⃗⃗    ⃗  
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THEOREM:      If the radius of curvature is constant for the given curve C then prove that the 

torsion of locus of centre of curvature varies inversely as the torsion of the given curve i.e. 

   
 

 
 . 

PROOF:  Since   ⃗⃗⃗    ⃗      
   ⃗⃗⃗⃗ 

   
 

 

  
( ⃗ ) 

  

   
      ⃗⃗⃗     ⃗   

 

  
       ⃗⃗⃗⃗     ⃗  

 

  
  

     ⃗⃗⃗⃗   
 ⃗ 

 
         ⃗⃗⃗⃗     ⃗        

 

 
               and    ⃗⃗⃗⃗    ⃗  

Then    ⃗⃗⃗     ⃗⃗⃗⃗   ⃗    ⃗        
⃗⃗  ⃗       

   ⃗⃗ ⃗⃗ 

   
 

 

  
(  ) 

  

   
     

⃗⃗  ⃗      
 

  
 

      ⃗⃗⃗⃗    ⃗  
 

  
           ⃗⃗⃗⃗    ⃗   

 

 
            

 
       

 

 
       is constant  

QUESTION: if    is the arc length of the locus of centre of curvature then show that  

   

  
 

 

  
√           √(

 

 
)
 

        

SOLUTION:  Since        
   

  
     ⃗       ⃗    be the tangent , normal and binormal to the given curve C. 

Similarly   ⃗⃗⃗   
   

   
   ⃗⃗⃗⃗    

⃗⃗  ⃗  are  the tangent , normal and binormal to the curve formed by the 

locus of centre of curvature. 

Since         ⃗         
   

   
 

 

  
      ⃗   

  

   
 (  ⃗⃗  ⃗     ⃗    ⃗  ) 

  

   
                          

     ⃗⃗⃗   [      ⃗   (  ⃗     )] 
  

   
   

   ⃗⃗⃗   [      ⃗     ⃗      ] 
  

   
            ⃗⃗⃗   [      ⃗     ⃗    ] 

  

   
     

 

 
                    

   ⃗⃗⃗   [   ⃗     ⃗ ] 
  

   
      |  ⃗⃗⃗  |  |[   ⃗     ⃗ ]| |

  

   
|         

   √            
  

   
     √      (

 

 
)
 

 
  

   
    

   

  
 √      (

 

 
)
 

 

Now    
 

 
         

 

  
        

   

  
 √( 

 

  
  )

 

 (
 

 
 )

 

 

 
   

  
 √

     

   
  

                
   

  
 

 

  
√             

QUESTION (Annual;2018) 

Prove that for any curve C [              ]  [               ]                 

  
(
 

 
) 

SOLUTION:  Since  For                                                      ⃗                                       

               ⃗          ⃗                             ⃗               

     ⃗  

Then   [              ]  [               ]  |
   

       
                       

|  

 [              ]  [               ]     [                    ]     

 [              ]  [               ]                     
     [       ]  

  [       ]

  
  

 [              ]  [               ]     

  
(
 

 
)  
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QUESTION:    Prove that for any curve C,  [ ⃗    ⃗     ⃗    ]                 

  
(
 

 
) 

SOLUTION:  Since   ⃗      ⃗          ⃗        ⃗     ⃗       

  ⃗                                ⃗       ⃗  

Then   [ ⃗    ⃗     ⃗    ]  |
    
        

                        
|  

 [ ⃗    ⃗     ⃗    ]     [                   ]     

 [ ⃗    ⃗     ⃗    ]    [              ]    [        ]  

 [ ⃗    ⃗     ⃗    ]  
     [       ]

  
    

  
(
 

 
)  

 

QUESTION (BS;2019):  Show that the shortest distance between the Principal normals at 

consecutive points distance is 
   

√     
 

SOLUTION:  let                      be two consecutive points and  ⃗  and  ⃗    ⃗  are unit 

principal normal at P and Q respectively. We have to find the shortest distance between   ⃗  and 

 ⃗    ⃗  and this the perpendicular distance. 

The perpendicular vector to both  ⃗  and  ⃗    ⃗   is   ⃗    ⃗    ⃗    then  

 ⃗    ⃗    ⃗    ⃗   ⃗   ⃗    ⃗     ⃗  
  ⃗ 

  
    ⃗   ⃗      ⃗  (  ⃗     )    

  ⃗    ⃗    ⃗   [ ( ⃗   ⃗ )   ( ⃗    )]    [ (  )   (  ⃗ )]    [      ⃗ ]    

This is perpendicular vector to both  ⃗  and  ⃗    ⃗    

Now we will find its unit vector. 

Let  ̂ be its unit vector in the direction of  ⃗    ⃗    ⃗   or  ⃗    ⃗  

 ̂  
[      ⃗ ]   

√        
 

[      ⃗ ] 

√      
  This is unit vector perpendicular vector to both  ⃗  and  ⃗    ⃗    

Now the shortest distance between the two principal normals at P and Q is given by 

 

Shortest distance = projection of     upon  ̂   ̂     
[      ⃗ ] 

√      
     

[      ⃗ ] 

√      
 
   

  
    

                 [
[      ⃗ ] 

√      
   ]    *

  

√      
+                         ⃗    

     [
 

 ⁄  

√(  ⁄ )
 
 (  ⁄ )

 
 

]            
   

√     
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QUESTION (Annual;2018): Show that the shortest distance between the Principal normals at 

consecutive points distance divides the radius of curvature in the ratio       

SOLUTION: 

   

let the shortest distance line meet the unit principal  ⃗  at ‘P’  ⃗    ⃗  at ‘Q’ then the vectors  

   ⃗⃗ ⃗⃗ ⃗⃗  ⃗      
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗         

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ are Coplanar then  [   ⃗⃗ ⃗⃗ ⃗⃗  ⃗      
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗         

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗]      

As C is the circle of curvature at ‘P’ then we have to prove that  
|   |

|   |
 

  

   
  

         

   
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   is a vector parallel to  ⃗    ⃗  and     

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ is a vector parallel to the vector  which is 

perpendicular to the both   ⃗   and   ⃗    ⃗ . Let   ⃗⃗⃗   be the position vector of the point    then    

   ⃗⃗ ⃗⃗ ⃗⃗  ⃗    ⃗⃗⃗            

So [   ⃗⃗ ⃗⃗ ⃗⃗  ⃗      
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗         

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗]      [  ⃗⃗⃗               ⃗    ⃗    [      ⃗ ]   ]     ………. (i) 

Now equation of principal normal is  ⃗        ⃗  

Since      ⃗⃗⃗    is lying on normal   ⃗  So it must satisfied equation of normal   ⃗⃗⃗         ⃗  

Hence     [      ⃗            ⃗    ⃗    [      ⃗ ]   ]      

 *   ⃗  
   

  
      ⃗  

  ⃗ 

  
     [      ⃗ ]   +     

 [   ⃗          ⃗  [  ⃗     ]     [      ⃗ ]   ]     

 |
      
        
       

|                 [              ]       

         [ 
          ]    [      

     
 ]       

       [      
     

 ]       
  

      
 |   |  

Now Since |  |  |   |  |   |  |   |  |  |  |   |    
  

      
  

 |   |  
  

  
 

  

      
 

   

         
  

Now  
|   |

|   |
 

   

 (     ) 

  

      

 
   

  

 
 

  

   
  

          

  the shortest distance divides the radius of curvature in the ratio       
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HELIX: a curve traced on the surface of a cylinder and cutting the generator with constant angle 

is called Helix. Thus the tangent to the Helix is inclined at a constant angle with direction of the 

cylinder. Thus of     is the unit tangent to the Helix and    is the constant vector parallel to the 

generator of the helix then        |  ||  |                             

                                    is fixed and it is the angle between          

    generator 

 

THEOREM (BS;2018):     prove that necessary and sufficient condition for a curve to be helix is                       
 

 
          

PROOF:                      : 

Let the curve be helix then we have to prove that  
 

 
         . As the curve is helix so the 

unit tangent    at any point to the curve makes a constant angle with the fixed direction of 

cylinder. Let    be the unit constant vector along that parallel to the generator then  

      |  ||  |                                           

Diff. w.t. s               ⃗            ⃗       

If     then curve is straight line that is not possible. Since curve is a Helix. So  ⃗        

  ⃗           will lies in the plane determined by         ⃗  which is rectifying plane. 

 

                ⃗  

Diff. w.t. s                 ⃗            ⃗           ⃗    

  ⃗ [           ]    [           ]    
 

 
 

    

    
       

 
 

 
               is fixed  

                      :  Let 
 

 
          then we have to prove that a curve is a 

helix for this . it is sufficient to prove that                 

Let 
 

 
 

 

 
    ………………….(i) where C is constant.  

Now consider  
   

  
       ⃗     

   

  
 

 

 
 ⃗  ………………….(ii) 

Similarly 
  ⃗ 

  
  ⃗      ⃗     

 

 

  ⃗ 

  
  

 

 
 ⃗  ………………….(iii) 
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Adding (ii) and (iii)  
   

  
 

 

 

  ⃗ 

  
 

 

 
 ⃗  

 

 
 ⃗     

 
 

  
(   

 ⃗ 

 
)    

 

  
(     ⃗ )      Integrating w.r.to ‘s’  (     ⃗ )              

    (     ⃗ )         (     )  ( ⃗    )                        

                             given curve is helix. 

 Possible Question: A unit speed curve      with    is  a helix iff there exists a 

constant ‘c’ such that           

QUESTION (BS;2019):    prove that for a curve  
 

 
           whose position vector is given 

by                         where    is constant angle. Find its curvature. 

SOLUTION: given that                                                     

                                              

 |   |  √                            √                         

 |   |  √           |   |   √         √                

          |
 ̂  ̂  ̂

                
             

|   

                       ̂               ̂                    ̂  

                       ̂               ̂     ̂  

 |        |  √                                    

 |        |  √                              

 |        |  √                        √           √             

 |        |  √                      

Now     
|        |

|   | 
    

        

          
 

        

         
 

 

 
        

 Now                [             ̂               ̂     ̂] (      ̂        ̂    ̂)] 

                                                                     

Now    
[              ]

  |   | 
 

      

[
 

 
     ]           

 
      

 

     
            

 
 

 
          

So  
 

 
 

 

 
     

 

 
        

                

REMARKS: 

 If 
 

 
   then curve is a straight line. 

 If 
 

 
   then curve is a plane where   is angle between           . 
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SPHERE OF CURVATURE OR OSCULATING SPHERE: 

The sphere which passes through four consecutive points on the curve alternately coincident at 

point ‘P’ is called the osculating sphere. The centre of sphere of curvature is denoted by    and 

its radius is denoted by  ⃗  

THEOREM: derive an expression for the radius of spherical curvature and position vector of the 

centre of spherical curvature. 

PROOF: Let  ⃗  be the position vector of the point ‘P’ on the curve and    be the position vector of 

centre of spherical curvature. The centre of spherical curvature is limiting position of 

intersection of three normal planes at consecutive points.  

 

Now equation of normal plane                         

 .
   

  
    /                   .

   

  
   /                ⃗       

 .
   

  
   /  (     )            ⃗                    ⃗               ⃗    

          ⃗  
 

 
          ⃗            

Diff. w.r.to arc length  (
   

  
 

   

  
)  ⃗           ⃗      

 
   

  
  ⃗      ⃗          (  ⃗     )     

             (  ⃗     )             (  ⃗     )     

            ⃗                            ⃗                   

           ⃗  
 

 
             ⃗               

Now the vector         satisfies the equations (i),(ii) and (iii) 

That is                            ⃗               ⃗      

                                            ⃗   ⃗     ⃗              ⃗  

               ⃗   ⃗       ⃗               ⃗  

              ⃗      ⃗           ⃗      ⃗  

Where    is the position vector of centre of spherical curvature. Now   ⃗  is the vector   ⃗⃗⃗⃗  ⃗ and 

    ⃗  is the position vector   ⃗⃗ ⃗⃗  . So the centre of spherical curvature lies on the axis of centre of 

curvature and it is at distance     

Now radius of spherical curvature is given by   ⃗            ⃗      ⃗  

   √            
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REMARK:      for the curve of constant curvature the radius is equal to curvature. 

PROOF:   Let                   √           required. 

 

THEOREM:    prove that the tangent, principal normal and binormal to the locus of centre of 

osculating sphere C is parallel to the binormal, principal normal and tangent to the given curve. 

PROOF: 

Let position vector of centre of osculating sphere is           ⃗      ⃗  

Diff.w.r.to arc length ‘  ’       
   

   
 

 

  
(     ⃗      ⃗ )

   

   
 

     
   

   
 (       ⃗    ⃗        ⃗       ⃗      ⃗  )

   

   
 

     (      ⃗   (  ⃗     )       ⃗       ⃗         ⃗  )
   

   
 

     (      ⃗     ⃗            ⃗       ⃗       ⃗ )
   

   
 

     (      ⃗     ⃗          ⃗       ⃗     ⃗ )
   

   
 

     (   ⃗       ⃗       ⃗ )
   

   
                     ⃗ 

   

   
         

    |   |  |                ⃗ 
   

   
|  

   √               (
   

   
)  

   

   
 

 

              

                        ⃗ (
 

            )       ⃗⃗   

  tangent is parallel to the binormal of the given curve. 

Now       ⃗     
    

   
 

  ⃗ 

  
 
  

   
       ⃗   

  

   
    ⃗       ⃗   

  

   
 

  ⃗     ⃗           
  

   
 

  ⃗⃗   of the locus is parallel to  ⃗⃗  of the curve but direction is opposite. 

Now       ⃗   and   ⃗     ⃗          ⃗     ⃗   ⃗   ⃗      

  binormal of locus is parallel to the tangent to the curve. 
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THEOREM (PP): prove that the product of the curvature of C and     at the corresponding 

points is equal to the product of the (curvature) torsion of these points.i.e.                            

PROOF: 

Consider      ⃗         
    

   
 

  ⃗ 

  
 
  

   
       ⃗   

  

   
    ⃗       ⃗   

  

   
 

  ⃗     ⃗           
  

   
 

  

   
 

  

 
            

Again Consider  ⃗             
  ⃗  

   
 

   

  
 
  

   
  ⃗        

  

   
     ⃗      ⃗   

  

   
 

     ⃗      ⃗   (
  

 
)        ⃗      ⃗   (

  

 
)     ⃗     ⃗   (

  

 
)           

NOTE: for a curve to be spherical curve the centre and radius of osculating sphere must be 

fixed. Or centre and radius are independent of the point on the curve. 

THEOREM:     necessary and sufficient condition for a curve to be spherical curve is that 
 

 
 

 

  
(
  

 
)     for every point of curve. 

PROOF:                      : 

Let the curve be spherical curve then we have to prove that  
 

 
 

 

  
(
  

 
)    

As the curve is spherical that is the curve lies in the sphere, therefore the sphere is osculating 

and so its centre and radius is fixed. 

The radius of osculating plane is given by    √                               

              
 

  
      diff.w.r.to ‘s’ and R is fixed. 

    *     
 

  
     +          *     

 

  
     +      

 

 
 

 

  
(
  

 
)    

                     :  Let  
 

 
 

 

  
(
  

 
)    then we have to show that curve is 

spherical curve. For this we have to prove that the radius and centre of osculating sphere are 

fixed. 

As 
 

 
 

 

  
(
  

 
)          

 

  
        

    [     
 

  
     ]               

 

  
        

Integrating w.r.to ‘s’                        where C is constant. 

To find C we will compare it with Radius of osculating plane i.e.  

   √                                     

   is fixed and is constant.   radius is independent of the point of the curve  

Now position vector of the centre of osculating sphere is given by           ⃗      ⃗  

Diff.w.r.to arc length ‘ ’   
   

  
 

 

  
(     ⃗      ⃗ ) 

 
   

  
 (       ⃗    ⃗        ⃗       ⃗      ⃗  ) 
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 (      ⃗   (  ⃗     )       ⃗       ⃗         ⃗  ) 

 
   

  
 (      ⃗     ⃗            ⃗       ⃗       ⃗ ) 

 
   

  
 (      ⃗     ⃗          ⃗       ⃗     ⃗ )  

   

  
                ⃗  

 
   

  
 [

 

 
 

 

  
     ]  ⃗  

   

  
 [ ] ⃗  

   

  
               

  Centre of osculating sphere is fixed or it is independent of the point to the curve. Hence the 

curve is spherical curve. 

SPHERICAL INDI CATRIX:  it is defined as “the locus of the point whose position vector is equal 

or parallel to the unit tangent    of the given curve C is called the spherical indicatrix” Of the 

tangent to the curve. it is denoted by  ⃗      

Spherical indicatrix always lies on the surface of the unit sphere i.e. having radius R = 1 

THEOREM (PP):   prove that the curvature of the spherical indicatrix of tangent is the ratio of 

skew curvature to circular curvature. i.e.     
√     

 
 

PROOF: As the given indicatrix is spherical of tangent so it can be written as        

 
    

   
 

   

  
 
  

   
 

    

   
         

  

   
        ⃗   

  

   
      ⃗         

  

   
  

 
  

   
 

 

 
          

Now       ⃗  

 
    

   
 

  ⃗ 

  
 
  

   
       ⃗   

  

   
    ⃗   (  ⃗     ) 

 

 
 |   ⃗  |  |(  ⃗     ) 

 

 
|  

   
  

     

      
√     

 
  

THEOREM(PP):    Prove that the Torsion of the spherical indicatrix of tangent is    
       

 (     )
 

PROOF: As equation of the radius of osculating sphere is                and as the 

indicatrix lies on the sphere of the unit radius and it is the locus of the curve so we have,  

    
         

    
 

  
  (

   

  
)
 

           

Now as     
 

  
     

  

  
     then       

 

  
  .

  

  
    

  
/

 

   
 

  
  

 

   (
   

 

  
 )  

   
 

  
  

 

   (
   

 

  
 )  

  
   

  
  

   
 

     
    

    
   

 

     
    

  
 

  
   

 
   

 

  
   

    
   

  √  
   

            

Now since we know that    
√     

 
     

 

  
(
√     

 
)
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     [
 

 

 √     
(         ) √       

  
] (

 

 
)  

   
  

 (       ) (     )  

  √     
 

                   

  √     
 

         

  √     
  

So now using the values of            in (ii) 

        

         

  √     

√     

 
√     

    

 
         

  √     

 

√     

 
√        

  

  

    
         

  √     

 

√     

 
√  

  

 
         

  √     

 

√     

 
 (

 

 
)

  

    
         

  √     

 

√       

  

 
 (       )

  √     
 

  

√       
      

       

 (     )
  

THEOREM:    Prove that the Torsion of the spherical indicatrix of binormal is    
       

 (     )
 

PROOF: As equation of the radius of osculating sphere is                and as the 

indicatrix lies on the sphere of the unit radius and it is the locus of the curve so we have,  

    
         

    
 

  
  (

   

  
)
 

           

Now as     
 

  
     

  

  
      

      
 

  
  .

  

  
    

  
/

 

   
 

  
  

 

   
(
   

 

  
 )  

   
 

  
  

 

   (
   

 

  
 )  

  
   

  
  

   
 

     
    

    
   

 

     
    

  
 

  
   

 
   

 

  
    

    
   

  √  
   

           

Now since we know that    
√     

 
     

 

  
(
√     

 
)

  

   
 

     [
 

 

 √     
(         ) √       

  
] (

 

 
)  

   
  

 (       ) (     )  

  √     
 

                   

  √     
 

         

  √     
  

So now using the values of            in (ii) 

        

         

  √     

√     

 
√     

  
  

 
         

  √     

 

√     

 
√        

  

  

    
         

  √     

 

√     

 
√  

  

 
         

  √     

 

√     

 
(
 

 
)

  

    
         

  √     

 

√       

  

 
 (       )

  √     
 

  

√       
       

       

 (     )
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WORKING RULE TO FIND OUT SPHERICAL INDICATRIX (IMAGES): 

Given a space curve whose position vector is    then 

 Find out the unit tangent     Equate       

 Find out the unit principal normal  ⃗   Equate  ⃗     

 Find out the unit binormal  ⃗   Equate  ⃗    

 

QUESTION: find out the spherical images of the circular helix                           

SOLUTION: Given                           

Diff. w.r.to ‘s’                          
  

  
 …………..(i) 

Squaring both sides                               (
  

  
)
 

  

           (
  

  
)
 

 (
  

  
)
 

 
 

        
 (

  

  
)  

 

√        
  

 (
  

  
)  √                                   …………..(ii) 

                        
 

 
 …………..(iii) 

Diff. w.r.to ‘s’         
 

  
                 

 

 

  

  
                       

 

 

  

  
  

Using (ii)    ⃗                    
 

  
  …………..(iv) 

Squaring both sides                       
 

      
  

     
 

   …………..(v) 

       ⃗                     ⃗                   …………..(vi) 

Now  

 ⃗      ⃗  
 

 
|

 ̂  ̂  ̂
            
           

|  
 

 
[        ̂          ̂                  ̂]  

  ⃗  
 

 
[        ̂          ̂    ̂]…………..(vii) 

From (iii),(vi) and (vii) we can obtain the spherical indicatrix. 

The spherical indicatrix of the tangent are             
      

 
   

     

 
   

 

 
 

The spherical indicatrix of the principal normal are      ⃗                        

The spherical indicatrix of the binormal are      ⃗      
     

 
   

      

 
   

 

 
 

INVOLUTES AND EVOLUTES: when the tangent to a curve C is normal to another curve    then 

   is called involute of C and C is called evolute of    
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QUESTION:   Determine the curvature of the involute of a curve      

SOLUTION:  

Since we know that           ⃗               ⃗           ⃗   (  ⃗     )
 

      
  

     
   ⃗    ⃗    

(  ⃗     )(  ⃗     )

             
   ⃗    ⃗    

(  ⃗     )(  ⃗     )

         
     

                                    

     
  

     

            |
     

        |           required curvature of the involute of a 

curve      

 

QUESTION: Determine the equation in involutes of the circular helix 

                               

SOLUTION: Given                                

                         |      |  √      

Since   
      

|      |
 

                

√     
 also   ∫ |      |  

 

 
 (√     )  

Thus the equation of involute of the curve is  

                                      (  (√     )  )
                

√     
 

     (       
(  (√     ) )    

√     
        

(  (√     ) )    

√     
   )   

(  (√     ) ) 

√     
  

Put   
 

√     
                                                     

      [                                               ] 

  Involute is a plane curve.          
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THEOREM:   prove that there exist infinitely many involutes to the given space curve C. 

PROOF:  

 

Let the given space curve be          

Now the position vector of the point         to the curve    can be written as     
⃗⃗ ⃗⃗ ⃗⃗  ⃗      

Then    
⃗⃗ ⃗⃗ ⃗⃗  ⃗    ⃗⃗⃗⃗  ⃗     

⃗⃗ ⃗⃗ ⃗⃗  ⃗                     

Diff. w.r.to ‘  ’ 
    

   
 

 

  
(      ) 

  

   
 

     (             ) 
  

   
     (           ⃗ ) 

  

   
 

Taking dot product with            (                 ⃗    ) 
  

   
            

  

   
 

        
  

   
   

  

   
                          where c is constant. 

                     ⃗    ⃗          

This equation signifies that due to presence of an arbitrary constant C there exist an infinite 

number of involutes for the given curve C. 

THEOREM:   prove that tangent at any point   of the involute    is parallel to the normal at a 

corresponding point to the curve C. 

PROOF:  Since we know that             

Diff. w.r.to ‘  ’ 
    

   
 

 

  
(      ) 

  

   
 

     (             ) 
  

   
     (             ⃗ ) 

  

   
     (       ⃗ ) 

  

   
  

     is parallel to  ⃗         ⃗     ⃗  (       ⃗ ) 
  

   
 

  

   
 

 

      
 

   

  
        

This implies that tangent at any point   of the involute    is parallel to the normal at a 

corresponding point to the curve C. 

 Possible Question: Prove that the tangents of involute and normals of its evolutes are 

parallel at corresponding points. 

QUESTION:     obtain expression for the curvature to the involute    

SOLUTION:  Since     is parallel to  ⃗    

Diff. w.r.to ‘  ’ 
    

   
 

  ⃗ 

  
 
  

   
        ⃗   

  

   
    ⃗   (  ⃗     ) 

 

      
 

Squaring both sides    
  

     

             
√     
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THEOREM: Prove that there are an infinite families of evolutes for the given space curve. 

PROOF:  Let the given space curve be          

Since the tangent at    of   is normal to the curve C at corresponding point P i.e. the tangent at 

   of    lies in the normal plane to the given curve at    

 

Now          ⃗    ⃗             where          are to be determined and both are 

functions of arc length ‘s’ 

Diff.       w.r.to ‘ ’ 
    

  
 

 

  
(     ⃗    ⃗ )  

    

  
 (       ⃗    ⃗       ⃗     ⃗  ) 

 
    

  
 (      ⃗   (  ⃗     )     ⃗        ⃗  )  

 
    
  

 (      ⃗     ⃗          ⃗     ⃗ ) 

 
    

  
                  ⃗          ⃗            

As 
    

  
 lies in the normal plane so 

    

  
   ⃗    ⃗             

Now comparing (ii) and (iii) we get   

                 
 

 
     

             
(     )

 
  and                

(     )

 
 

 
(     )

 
   

(     )

 
 

  

 
 

  

 
    

  

 
 

  

 
 

  

 
 

  

 
   

  

 
 

  

 
  

  (
     

  
)    

       

  
     

       

       

Since ∫    
 

 
     ∫ (

       

     )     
 

 
      

 

  ∫ .
       

  (
 

 
)
 /     

 

 
       

           (
 

 
)            (

 

 
)            (

 

 
)          

                              ⃗    ⃗           ⃗  [          ] ⃗  

  ⃗    ⃗    ⃗⃗            ⃗⃗   where C is any arbitrary constant so due to this we say that 

there are infinite families of evolutes for the given space curve C. 
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THEOREM:   prove that the locus of centre of curvature is an evolute only when the curve is 

plane curve. 

PROOF:  The equation of evolute is          ⃗            ⃗             where C is any 

arbitrary constant and for the different values of C we have different evolutes. 

Now the equation of locus of centre of curvature is         ⃗            

Equations (i) and (ii) are identical when            ⃗  

      ⃗                                        

                   ∫            

  curve is plane curve. 

THEOREM:  prove that the ratio of the torsion and curvature of an evolute of a space curve 

(involute) is  
  

  
           

PROOF:  The equation of evolute is           ⃗            ⃗    

Diff. w.r.to ‘  ’ 
    

   
 

 

  
(     ⃗            ⃗ ) 

  

   
 

     (       ⃗    ⃗              ⃗               ⃗            ⃗  ) 
  

   
  

     (      ⃗   (  ⃗     )             ⃗              ⃗               ⃗  )  
  

   
  

     (      ⃗     ⃗                  ⃗              ⃗             ⃗ ) 
  

   
  

     (      ⃗     ⃗                ⃗              ⃗             ⃗ ) 
  

   
       

 
 

 
   

     (   ⃗     ⃗             ⃗   [           ]  ⃗             ⃗ ) 
  

   
  

     (   ⃗     ⃗             ⃗     ⃗     ⃗                      ⃗ ) 
  

   
  

     [(             ) ⃗           ⃗ (             )] 
  

   
  

     (             )[ ⃗           ⃗ ] 
  

   
          

Squaring both sides     (             )
 
[ ⃗           ⃗ ]

 
 (

  

   
)
 

  

   (             )
 
[           ] (

  

   
)
 

  

   (             )
 
          (

  

   
)
 

  

 (
  

   
)
 

 
 

(             )
 
         

  
  

   
 

 

(             )        
  

        (             )[ ⃗           ⃗ ] 
 

(             )        
  

     
 ⃗           ⃗ 

        
     * ⃗  

         ⃗ 

        
+            
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      ⃗                   ⃗  

Diff. w.r.to ‘  ’ 
    

   
 

 

  
( ⃗                   ⃗ ) 

  

   
 

 
    
   

 ( ⃗            ⃗                       ⃗           ⃗  ) 
  

   
 

 
    

   
 ((  ⃗     )          ⃗                     ⃗              ⃗  )  

  

   
  

      (          ⃗                        ⃗            ⃗            ⃗ ) 
  

   
  

      (            ) 
  

   
  

    ⃗   (            ) 
  

   
             

  

   
            

 And   ⃗          ⃗      but in opposite direction. 

Now for  ⃗   we have   ⃗        ⃗   [ ⃗                   ⃗ ]  (   ) 

  ⃗           (  ⃗    )          (  ⃗    )           ⃗           ⃗  

Diff. w.r.to ‘  ’ 
  ⃗  

   
 

 

  
(         ⃗           ⃗ ) 

  

   
 

  ⃗    (            ⃗           ⃗              ⃗           ⃗  ) 
  

   
  

     ⃗   (           ⃗              ⃗             ⃗          (  ⃗     ))  
  

   
  

     ⃗⃗   (           ⃗⃗            ⃗⃗            ⃗⃗    ⃗⃗                     )  
  

   
  

     ⃗   (            )  
  

   
    ⃗   (           )  

  

   
  

       (           )  
  

   
    ⃗       

     (         ) 
  

   
             

Dividing      by       
  

  
 

 (         ) 
  

   

         
  

   

 
  

  
           

NOTE: when curve is specified by the equation giving the curvature and torsion as function of 

‘s’ (arc length) i.e.        and        then these are called the intrinsic equations of the 

curve. 
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GLOBAL PROPERTIES OF CURVES 

CLOSED CURVE: A regular curve         is closed if    is a periodic i.e.                  and 

    then the period of    is the last such number  . 

REMARK: 

 If    is a periodic a point moving around    returns to its starting point after time a, of 

course every is o – periodic. 

 If    is a periodic a point i.e.                                       

          (      )      is (–a) – periodic. 

SIMPLE CLOSED CURVE: A simple closed curve in    is a closed curve in     that has no self-

intersection. 

 

LENGTH OF SIMPLE CLOSED CURVE: The length of simple closed curve    of a period   is defined 

as   ∫ ‖      ‖  
 

 
 

LEMMA:  If       is a closed curve with period ‘a’ and let      be its unit speed 

reparameterization by arc length ‘s’ then      is closed with period   ∫ ‖      ‖  
 

 
 

PROOF:  Consider      ∫ ‖      ‖  
 

 
                                                    

         ∫ ‖      ‖  
   

 
 ∫ ‖      ‖  

 

 
 ∫ ‖      ‖  

   

 
   ∫ ‖      ‖  

   

 
   

                       

Now consider   ∫ ‖      ‖  
   

 
   and put                   also change 

limits then   ∫ ‖        ‖  
 

 
           

Now since       is a closed curve with period ‘a’                                                   

then         ∫ ‖      ‖  
 

 
      then                                                   

let                   (      )                 (    )         

                  is closed curve. 

Since ‘a’ is a lest number such that                   therefore ‘L’ must be the least positive 

integer such that                  is closed with period ‘L’. 

REMARK:  The total signed curvature if a simple closed curve in    is     
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QUESTION:  If       is a simple closed curve with period ‘a’ and     ⃗      are its unit tangent 

vector, signed unit normal and signed curvature respectively then show that    

               ,   ⃗         ⃗      also               

SOLUTION: since       is a simple closed curve with period ‘a’ i.e.                                 

                                             

Rotating    in anticlockwise by 
 

 
 we obtain  ⃗⃗         ⃗⃗      

Now  ⃗         ⃗       ⃗          ⃗       

                                  ⃗     ⃗       ⃗                  

                                                           

JORDAN CURVE THEOREM (Just Statement): Any simple closed curve in the plane has an 

‘interior’ and ‘exterior’ more precisely, the set of points of    that are not the point of curve is 

the disjoint union of two subsets of     denoted by                     with the following 

properties  

               is bounded. i.e it is contained inside the circle of sufficiently large radius. 

              is unbounded 

      Both of the regions                     are connected. i.e. they have the property that any 

two points can be joined by a curve  contained entirely in the region. ( But any curve joining a 

point of         to a point of         must be cross the curve) 

 

AREA OF SIMPLE CLOSED CURVE: The area contained by a simple closed curve    is                  

      ∬     
       

                     

these type of integral can be computed using Green’s theorem which relates line integral with 

double integral. 

GREEN’S THEOREM: If    is a simple closed curve which bounded the region         and which is 

transversal counter clockwise then   ∫        
  

 ∬ (     )           
   where 

                  are smooth functions.         

(i.e. functions with continuous partial derivatives of all orders) 

 

AREA OF CLOSED CURVE: If       [         ] is a closed curve then       
 

 
∫        
  

 

 

EXAMPLE: Find area of circle 

SOLUTION: let       [           ] be a curve of circle with        then using 

   ⃗   
 

 
∫        
 ⃗ 

 
 

 
∫ [                                  ]
  

 
 

 

 
∫     
  

 
     

 PRACTICE: Find area of ellipse (HINT: use       [           ]         ) 
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RESULT: If       [         ] is positively oriented simple closed curve in    with period ‘T’ 

then   (       )  
 

 
∫          

 

 
   

PROOF: From Green’s theorem we have ∬ (     )           
 ∫        

  
          

taking   
 

 
     

 

 
     

 

 
     

 

 
  where                               

    ∬ (
 

 
 

 

 
)    

       
 ∫  

 

 
    

 

 
   

 

 
  ∬     

       
 

 

 
∫

       

  
  

 

 
    

 ∬     
       

 
 

 
∫ * 

  

  
  

  

  
+   

 

 
  (       )  

 

 
∫          

 

 
   

ALTERNATIVE METHOD: Since area of simple closed curve in    is       
 

 
∫        
  

 then 

since    is defined on [   ]         
 

 
∫

       

  
  

 

 
 

 

 
∫ * 

  

  
  

  

  
+   

 

 
     

  (       )  
 

 
∫          

 

 
   

 

WIRTINGER’S INEQUALITY: Let   [   ]    be a smooth function for which             

then ∫ (
  

  
)
 

   ∫ [    ]   
 

 

 

 
 where equality holds iff                 [   ] where D is 

constant. 

PROOF: Let               
  

  
 

  

  
                        

 ∫ (
  

  
)
 

  
 

 
 ∫ (

  

  
             )

 

  
 

 
                                                  

 ∫ (
  

  
)
 

  
 

 
 ∫ (

  

  
)
 

       
 

 
 ∫          

 

 
  ∫ ( 

  

  
)             

 

 
                         

 ∫ (
  

  
)
 

  
 

 
 ∫ (

  

  
)
 

       
 

 
 ∫          

 

 
           

   ∫ ( 
  

  
)             

 

 
            ∫ ( 

  

  
)  

 

 
 ∫ ∫( 

  

  
)   

 

 
*
 

  
           +          

Now since                                      
    

    
                                                           

            |
  

 
|
 

 

 ∫ (
  

 
)

 

 
*
 

  
       +      ∫ (

  

 
)

 

 
                                        

    ∫    

 
                ∫          

 

 
 ∫          

 

 
 

    ∫ (
  

  
)
 

  
 

 
 ∫ (

  

  
)
 

       
 

 
 ∫          

 

 
 ∫          

 

 
 ∫          

 

 
    

 ∫ (
  

  
)
 

  
 

 
 ∫ (

  

  
)
 

       
 

 
 ∫          

 

 
 ∫ (

  

  
)
 

       
 

 
 ∫ [    ]   

 

 
     

 ∫ (
  

  
)
 

  
 

 
 ∫ [    ]   

 

 
 ∫ (

  

  
)
 

       
 

 
            (

  

  
)
 

                    

 ∫ (
  

  
)
 

  
 

 
 ∫ [    ]   

 

 
     ∫ (

  

  
)
 

   ∫ [    ]   
 

 

 

 
                            

also right side of (ii) is      
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ISOPERIMETRIC INEQUALITY: Let     be a   simple closed curve ,       be its length ,       be the 

area contained by it, then       
 

  
       and equality holds iff    is a circle. 

PROOF: Let       [         ] be an arc length parameterization of    after a translation and 

rotation (rigid motion), we can assume that the curve    is contained in a slab | |     and it 

touches the line        at exactly one point. 

 

Let  ̃ be the circle of radius of   centered at the origin, notice that the arc length 

parameterization of the    indices a parameterization. (Not necessary arc length 

parameterization) of the circle  ̃ by a projection perpendicular to y – axis , therefore 

 ̃    [ ̃        ]     [   ] and    ̃      

Now by Green’s theorem  ∬ (     )           
 ∫        

  
                                                     

taking         ;        ∬     
       

 ∫    
 

 
 ∫

   

  

 

 
   ∫     

 
              

Also taking          ;        ∫     
 

 
 ∫

    

  

 

 
   ∫     

 

 
               

Adding (i) and (ii)          ∫          
 

 
         

 

 
∫          

 

 
   

           ∫           
 

 
             and        ̃  ∫  ̃        

 

 
              

Adding (iii) and (iv) 

          ̃  ∫ ( ̃                  )
 

 
   ∫   ̃                     

 

 
    

          ̃  ∫ ‖ ̃        ‖‖           ‖
 

 
               ̃     by shwartz’s 

Now by using the fact       √   
   

 
 √        ̃  

         ̃ 

 
           (

  

 
)
 
  

       
    

           
      

  
  

It is obvious that equality holds for       
      

  
 iff and only if    is a circle. In that case 

          and  
      

  
 

     

  
            

CONVEX: A simple closed curve    is called convex if its         is convex, in usual sense that the 

straight line segment joining any two point of         is contained entirely in         otherwise it 

is not convex. 
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Common Parametric Curves in the Complex Plane 

 A parameterization of the line containing the points    and    is                  

where        

 A parameterization of the line segment from the points    and    is 

                   where        

 A parameterization of the ray emanating from    and containing     is 

                   where        

 A parameterization of the circle centered at      with radius    is 

                                 where         

 

REMARK: The following statements for a convex curve are equivalent. 

 The simple closed curve    is convex. 

 If a line segment meets the curve   , the intersection is either a line segment (which 

could possibly degenerate to a single point) or exactly at two points. 

 The curve    lies on one side of the tangent line at every point on  . 

 The signed curvature    of the curve does not change the sign. 

 

EXAMPLE(BS;2018):  The ellipse 
  

   
  

      is a convex. 

SOLUTION: Let          and          be interior points of ellipse then                          
  

 

  
 

  
 

  
         and    

  
 

  
 

  
 

  
          then the line segment joining P and Q is 

given by                                                  

Now 
  

   
  

   
[           ]

 

   
[           ]

 

      

  

   
  

     *
  

 

   
  

 

  +        *
  

 

   
  

 

  +  
      

    
                         

Since        
            

    
         

and similarly         
    

       then using all above equations in (iii) 

      
  

   
  

     [ ]        [ ]  
      

    
[   

    
      

    
  ]   

 
  

  
 

  

  
                  *

  
    

    
    

 

    
+  

 
  

  
 

  

  
                [

  
    

    
    

 

    
]  

Now if                
    

          
    

    

Thus  
  

  
 

  

  
                [   ]                    

 
  

   
  

     and hence proved ellipse is convex. 

 

VERTEX OF THE CURVE: A vertex of the curve       in    is a point where its signed curvature  

   has stationary point i.e. 
   

  
   OR a critical point of ‘K’ is called a vertex of curve       

 A closed curve must have at least two vertices the maximum and minimum point of ‘K’ 
 Every point of circle is vertex. 
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EXAMPLE:  The ellipse       [           ]           is a convex simple closed curve 
with period    , find the vertex of the curve. 

SOLUTION:                          
Let        [           ]          [            ]           [             ]                    

then    ‖       ‖  √                

For vertex put 
   

  
   

 

  
√                                 after solving  

                      
 

 
   

  

 
 , so     vanishes exactly at 4 points. Hence 

proved the curve is simple convex closed curve having vertices       [           ]   then at   

     ⃗     [   ]   
 

 
  ⃗     [   ]      ⃗     [    ]   

  

 
  ⃗     [    ] 

 

 Signed curvature    has relation with vertices so far ellipse we only four points. (next 

theorem illustrate this) 

 

FOUR VERTEX THEOREM (PP):  A convex simple closed curve in    has at least four vertices. 

PROOF: Assume that        is a unit speed closed curve , so that its period is the length ‘ ’ of    

then consider   ∫              
 

 
 |          | 

  ∫              
 

 
   ∫          

 

 
     

   ∫  ⃗        
 

 
 | ⃗     | 

   ⃗       ⃗                is closed.           

Since       is a continuous function on the closed interval [   ] it attain maximum and 

minimum points (say)  ‘P’ and ‘Q’ 

  

we can assume     since otherwise       would be constant. Now    is a closed curve and 

every point of    is a vertex. let    be a unit vector parallel to   ⃗⃗⃗⃗  ⃗ and  ⃗  be a vector obtained by 

rotating    in anticlockwise by making an angle of 
 

 
 

Now    ∫              
 

 
    ⃗    ∫   

 ( ⃗    )  
 

 
   ∫   

 ( ⃗    )  
 

 
                    

now suppose ‘P’ and ‘Q’ are vertices of    and since    is convex then straight line joining ‘P’ and 

‘Q’ divides the curve into two segments. And since there are no other vertices therefore we 

have       on one segment and       on other segment.                

Then           ∫   
 ( ⃗    )  

 

 
      ∫   

 ( ⃗    )  
 

 
   (‘P’ and ‘Q’ where it vanishes) so 

it its contradiction. 

 Hence there must be one more vertex say ‘R’. if there are no other vertices then point ‘P,Q and 

R’ divide the curve into three segments on each of which always either      or       but 

    must have the same sign on the adjacent segments then there is a straight line which 

divides    again into two segments on which     is always positive and negative. And this is 

impossible. Hence there must be a fourth vertex. And this complete the proof. 
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EXERCISE:  Show that the length       and  (       ) are unchanged by applying the rigid 

motion to    

SOLUTION: Since       [         ] then we have for a curve       of period ‘a’                            

  ∫ ‖      ‖  
 

 
 ∫ √         

 

 
      and  (       )  

 

 
∫          

 

 
                              

if  ̃ is obtained from    by a translation then  ̃   ⃗   and if  ̃ is obtained from    by a rotation of and 

angle   about the origin then     ⃗                                       then 

 ̃               ̃                also  ̃               ̃                 

now consider  ̃    ̃                                       
    

  after solving.         

So    ̃   ∫ ‖ ̃     ‖  
 

 
 ∫ √ ̃    ̃    

 

 
 ∫ √         

 

 
 ∫ ‖      ‖  

 

 
          

    ̃                  

Now for area             

 ̃ ̃   ̃ ̃                                                              

 ̃ ̃   ̃ ̃                                            

  (     ̃ )  
 

 
∫   ̃ ̃   ̃ ̃  

 

 
   

 

 
∫          

 

 
    (       )                                                  

  (     ̃ )                

Hence from (iii) and (iv) proved that length and area remains unchanged. 

EXERCISE (PP):  Show that ellipse       [           ]          is a simple closed curve 

and compute area of its interior and also length of curve. 

SOLUTION: Suppose              [             ]  [           ]       

                         Then    is a simple closed curve. Now for period    we 

have  (       )  
 

 
∫          

  

 
        where                  also 

       ∫ ‖      ‖  
  

 
 ∫ √         

  

 
 ∫ √                 

  

 
 

 

EXAMPLE: By applying isoperimetric inequality to the ellipse prove that then 

∫ √                 
  

 
   √   and equality holds iff      

SOLUTION: Since by isoperimetric inequality        
 

  
               and for ellipse we 

have  (       )      and        ∫ √                 
  

 
 using these in (i)                     

     
 

  
                      √      √               √      

 ∫ √                 
  

 
   √   

Now for holding above inequality put     

 ∫ √                 
  

 
   √   ∫  √             

  

 
                                      

  ∫   
  

 
      | | 
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DIFFERENTIAL GEOMETRY OF SURFACES 

OPEN SET: A subset   of    is called open if for any             such that for every point 

     we have ‖   ‖          

EXAMPLES: The whole of    is an open set. 

i. The set       {     ‖   ‖    } is an open set  and is called open ball with 

centre ‘a’ and radius ‘r’ 

 If            is an open interval. 

 If            is an open disk. 

 If            is an open spheres. 

ii. The set      ̅̅ ̅̅ ̅̅ ̅̅  {     ‖   ‖    } is not an open set  and is called closed ball with 

centre ‘a’ and radius ‘r’ 

CONTINUOUS MAPPING: Suppose      and      then a mapping       is said to be a 

continuous at     if for any           s.that ‖         ‖     whenever |   |     

HOMEOMORPHISM: A mapping       is said to be Homeomorphism if ‘f’ is continuous and 

bijective and         is also continuous, then X is said to be Homeomorphic to Y. 

SURFACE: A surface         is the locus of the point whose coordinates are functions of two 

independent parameters ‘u’ and ‘v’  

Thus                               are parametric equations of surfaces. 

OR: A surface in   is a set of all points whose coordinates satisfy a single equation         

           for example sphere, paraboliods, hyperboloid etc. (discussed in start) 

OR: A surface may be regarded as the locus of a point whose position vector    is a function of 

two independent parameters u and v.   

We not that any relation between the parameters             represents a curve on the 

surface, because    than becomes a function of only one independent parameter.  

In particular, the curve on the surface, along which one of the parameters remains constant are 

called parametric curves. 

Position of any point on the surface is uniquely determined by the values of ‘u’ and ‘v’. So that 

the parameters ‘u’ and ‘v’ constitute a system of coordinates which are called curvilinear 

coordinates. 

REMARKS:  

1) Elimination of u and v from the parametric equations will give rise to the equation of the 

form             which is called the implicit form of the surface. 

2) An equation of the form           or             is called monge’s form. 

ONE PARAMETER FAMILY OF SURFACE: an equation of the form               where ‘a’ is 

constant represents a surface. It the value of constant  ‘a’ is changed then we get another 

surface. 

The set of all surfaces corresponding to different values  of ‘a’ is called one parameter family of 

surface with parameter ‘a’ .This parameter ‘a’ has different significance from that of ‘u’ and ‘v’  

( u and v relate a single surface while ‘a’ remains constant for single surface) these relate to a 

single surface and vary from point to point of that surface. These are curvilinear coordinates of 
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a point on the single surface (the parameter ‘a’ however determines the particular member of 

the family of surfaces and have the some value at all points of that member. 

e.g.                          Represent a sphere with centre at origin and radius 

‘a’ where ‘a’ is that parameter. 

CHARACTERISTICS OF A SURFACE 

The curve of intersection of two surfaces of the family corresponding to the parameters value 

of ‘a’ and      is determined by the equation               and                 

And therefore by equations         and                 

(for the sake of similarity we write                 ) 

Now if      the curve becomes the curve of intersection of the consecutive members of the 

family with parameter value and its defining equation are        and 
 

  
       

This curve is called characteristic of the surface for the parametric value ‘a’ 

LEVEL SURFACE: A level surface ‘S’ is a function          define by the locus of a point 

         in domain ‘D’ such that            where ‘c’ is constant. 

OR: A level surface is a surface   {                     } where   is smooth function. So 

surface is also smooth. 

PARAMETERIZED SURFACE OR SURFACE PATCH: A subset         is a surface if for every point 

        an open set    in    and an open set    in   containing    such that a 

Homeomorphism         is called a surface patch or parameterization of ‘S’. Where 

      and since ‘W’ is open then     is also open in ‘S’ 

A collection of such surfaces whose image cover the whole of ‘S’ is called an Atlas of S. 

EXAMPLES:  (i) Circular cylinder of radius ‘a’ and axis is z – axis and                   

  {                   } and the parameterization of ‘S’ is 

                          

(ii) A sphere of radius ‘a’ and     {                      } and the parameterization 

of ‘S’ is                                       where 

 
 

 
   

 

 
  and        

(iii) A circular cone i.e.     {                   } and the parameterization of ‘S’ is 

       (     √      )     
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SMOOTH SURFACE: If   is an open set i.e.      a mapping        is said to be a smooth 

surface if each of the n – components of ‘ ’ which are functions     have continuous partial 

derivatives of all orders.  

REMARK: 

i. (Classical result of surfaces) One of the classical result of the differential geometry is 

that if        of two components then 
  

    
 

  

    
 where       

ii. A mapping        is smooth surface if   is of two components ‘u’ and ‘v’ i.e. 

                                  then      
  

  
 (

   

  
 
   

  
 
   

  
 ) and 

  

  
 (

   

  
 
   

  
 
   

  
 ) 

iii. We often use the following abbreviations;  

  

  
             

   

  
  

  

  
     

          
    

    
   

                   
    

    
   

                   
    

    
 

   

    
      

iv. In general         but if        is smooth then         

 

REGULAR PARAMETERIZATION OF SURFACE: A surface        is called regular if it is 

smooth and the vectors           are linearly independent at all points       , equivalently, 

  should be smooth and          ⃗  

 

QUESTION: Let      and         then the surface          is parameterized by  

                     prove that it is regular. 

Solution: Given                                                

         |
 ̂  ̂  ̂
    
    

|              ⃗                     

 

QUESTION: The parameterization of surface is                            show that 

this surface represents the elliptical paraboloid   
 

 
        and it is regular. 

Solution: Suppose from given        we have                            

                                      

Adding                
 

 
      and Subtracting                

 

 
      

        .
 

 
     /

 

 .
 

 
     /

 

   
 

 
        

Now                                                    

         |
 ̂  ̂  ̂
    
     

|                  ⃗                       
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QUESTION: The mapping                                   defines a mapping of the        

uv – plane onto a unit sphere. Then prove that            and examine it is regular or 

not? 

Solution: Suppose from Given        we have                               then 

             

Now                                                          

         |
 ̂  ̂  ̂

                  
                      

|                                    

          ⃗                          
 

 
                               

 

 
   

          ⃗                                                      

REMARK: Another parameterization of surface (unit sphere) can be express as                   

       (    √        ) 

 

EXAMPLE: The parameterization of surface                          where     show 

that it represent the right circular cylinder with radius   and axis is z – axis. And show that it is 

regular. 

Solution: Suppose from given        we have                       then                     

          which is circular cylinder. 

Now                                  

         |
 ̂  ̂  ̂

             
    

|                    ⃗                      

NOTE: We have two methods of reparameterization of a surface, one is global 

reparameterization by using the constraint equation            and other parametrically by 

expressing         in terms of        varying over a domain as 

                               

PRACTICE: Show that following are regular or not? 

i.                 

ii.                  

iii.                   

 

EXAMPLE: Show that 
  

   
  

   
  

     where p,q,r  are non – zero constants, is a smooth 

surface of the form        .      √  
  

  
 

  

  
/ 

Solution: Suppose         then given as 
  

   
  

   
  

     
  

   
  

   
  

                                     

 
  

     
  

   
  

        (  
  

   
  

  )      √  
  

   
  

                              

therefor         .      √  
  

   
  

  / 
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SECANT LINE: The line which cut the curve at two points. 

TANGENT LINE: tangent to any curve drawn at a space is called a tangent line to the surface. 

Or  The line which cut the curve at one point. 

TANGENT PLANE: tangent plane to a surface at a point ‘P’ is the plane containing all the 

tangent lines to the surface at that point.  

OR   A tangent plane to a surface ‘S’ at point  ⃗    is a tangent vector at   ⃗  of a curve in ‘S’ 

passing through  ⃗   

Now suppose                     
  

  

  

  
 

  

  

  

  
         this is the equation of 

tangent plane at  ⃗    of a surface        

TANGENT SPACE: Set of all tangent plane vector to surface ‘S’ at  ⃗           is called tangent 

space and it can be expressed as       {             } 

CURVE ON THE SURFACE: If             is a parameterized curve contained in the image of 

a surface patch        in the Atlas of ‘S’ then there is a mapping            such that  

       (         ) where           are necessarily smooth functions. 

STANDARD UNIT NORMAL TO THE SURFACE: A surface ‘S’ defined by a mapping        

where      containing a point  ⃗  then standard unit normal to the surface is defined as 

 ⃗⃗    ⃗  
       

‖       ‖
   

OR The normal to the surface at any point is perpendicular to every tangent line               

and its direction is along  |       |  Thus   ⃗  
       

|       |
 

       

 
 

NORMAL LINE TO THE SURFACE:  The line which is perpendicular to the tangent line.                     

OR  The straight line passes through ‘P’ perpendicular to the tangent plane at ‘P’ is called 

normal line to the surface at ‘P’ and equation of normal line at ‘P’ is given by         ⃗⃗   

 

EXAMPLE: Find the equation of tangent plane and normal line to the surface represented by 

                   at  ⃗         

SOLUTION: Given                      Then                             and 

               is a given point ‘P’ and equation of tangent plane at  ⃗         is                     

                                      

Or       {                             }  {                 } 

For normal line we find  ⃗⃗   
       

‖       ‖
 

         

 
 ( 

 

 
 
 

 
 
 

 
 ) 

Now by using equation of normal line         ⃗⃗            ( 
 

 
 
 

 
 
 

 
 ) 
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 Practice:  Find the equation of tangent plane and normal line to the surface represented 

by                           at  ⃗        

LEVEL SURFACE: A level surface ‘S’ is a function          define by the locus of a point 

         in domain ‘D’ such that            where ‘c’ is constant. 

OR: A  level surface is a surface   {                     } where   is smooth function. 

So surface is also smooth. 

CONDITON TO PROVE SMOOTH LEVEL SURFACES: A surface is smooth if     (        )  of 

         does not vanishes at ‘P’ i.e. ‖  ‖    

 

EXAMPLE: Show that surface            is smooth surface. 

SOLUTION: Suppose                                       

Now    (        )           ‖  ‖   √          √                     

  given surface is smooth. 

PRACTICE: Show that following surface are smooth or not? 

i.          ii.            

iii.                                                     

RULED SURFACE: A ruled surface is a surface which is the union of straight lines and it is also 

called ruling of the surfaces. 

OR a surface which is generated by the motion of one parameter family of straight lines is 

called a ruled surface. 

 

TYPES OF RULED SURFACE: (i) Developable Surface   (ii) Skew Surface 

DEVELOPABLE SURFACE: If consecutive generators intersect, then the ruled surface is called 

developable. e.g. Cones and Cylinders. 

SKEW SURFACE: If consecutive generators do not intersect, then the ruled surface is called 

developable. e.g. Hyperboloid of one sheet and Hyperbolic Paraboloid. 

SURFACE OF REVOLUTION:  A surface generated by the rotation of the plane curve about an 

axis in its plane is called a surface of revolution.       

  If z – axis is taken as the axis of revolution and ‘u’ denotes the distance of a point 

from z – axis then surface may be expressed as                                   

We may also use        (                           ) 
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THEOREM: Derive an equation of the tangent plane and equation of the normal at a point ‘P’ to 

the surface            

PROOF: Let                      be the equation of surface. Let‘s’ be the length of the 

curve measured from a point ‘A’ to the point                           

Diff. (i) w.r.to ‘s’      
     

         

 (        )  
                      Where the vector            is a unit tangent    to 

the curve on the surface at point           

Equation      shows that    is perpendicular to (        ) which is           (
  

  
 
  

  
 
  

  
) it is clear 

that all the tangent lines to the surface at the point           are perpendicular to (        ) and hence 

lies in the plane through         perpendicular to this vector and this plane is called tangent plane to 

the surface at that point and normal to the plane at that point of contact is called normal to the surface. 

Since the line joining the point          on the tangent plane to the point of contact is perpendicular 

to the normal so we have  

( ⃗    )                   (
  

  
 
  

  
 
  

  
)                                     

              (        )                               

Which is the equation of tangent plane and equation of normal will be  

 ⃗          ⃗                        (        )  

 
   

  
 

   

  
 

   

  
    

If we eliminate   then we have  
   

  
 

   

  
 

   

  
 which is equation of normal to the surface. 

THEOREM: Prove that sum of square of the intercepts made by the tangent plane to the surface 

is constant. i.e.   
 

 ⁄   
 

 ⁄   
 

 ⁄   
 

 ⁄  

PROOF:  Given surface is           
 

 ⁄   
 

 ⁄   
 

 ⁄   
 

 ⁄            

   
  

  
  

 ⁄  
  

 ⁄     
  

  
  

 ⁄  
  

 ⁄     
  

  
  

 ⁄  
  

 ⁄    

Now the equation of tangent plane is                             

      
 

  
 
 

      
 

  
 
 

      
 

  
 
 

   

 
 

 
0
   

 
 
 

 
   

 
 
 

 
   

 
 
 

1    
 

 
    0

   

 
 
 

 
   

 
 
 

 
   

 
 
 

1     

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

   
 

 
 
 

  
 

 ⁄  
 

 
 
 

  
 

 ⁄  
 

 
 
 

  
 

 ⁄     

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

  
 

 ⁄   
 

 ⁄   
 

 ⁄   
 

 ⁄   by (i)     
 

 
 
  

 
 ⁄
 

 

 
 
  

 
 ⁄
 

 

 
 
  

 
 ⁄
    

Thus the intercept with coordinates axis are ( 
 

  
 

 ⁄     )  (   
 

  
 

 ⁄   )  (     
 

  
 

 ⁄ ) 

                                 ( 
 

  
 

 ⁄ )
 

 ( 
 

  
 

 ⁄ )
 

 ( 
 

  
 

 ⁄ )
 

 

                               
 

 ⁄ ( 
 

   
 

   
 

 )    
 

 ⁄ ( 
 

 )   
 

 ⁄               

ww
w.
Ra
na
Ma
th
s.
co
m

www.RanaMaths.com

www.RanaMaths.com



77 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

THEOREM: Prove that the tangent plane at any point to the surface is constant. i.e.         

and to the coordinate plane form a tetrahedron of constant volume. 

PROOF:  Since   
 

 
|

      
      
      
      

    

 
 
 
 

| and given surface is                   

                   

Now the equation of tangent plane is                             

                           

                                            

 
   

    
 

   

    
 

   

    
   

 

  
 

 

  
 

 

  
   

Now the point of intersection are                                     

   
 

 
|

   
    
    
    

    

 
 
 
 

|    
 

 
|
    
    
    

|    
 

 
        

 

 
             

 

QUESTION(PP):  The normal at a point ‘P’ of the ellipsoid is 
  

  
 

  

  
 

  

  
   meet the 

coordinate planes in the points         respectively. Prove that the ratios 
|   |

|   |
 
|   |

|   |
 
|   |

|   |
 are 

constant. 

SOLUTION: Given surface is          
  

   
  

   
  

             
  

      
  

      
  

   

Now the equation of tangent plane at any point          to the surface  is  
   

  
 

   

  
 

   

  
 

 
   
  

  

 
   
  

  

 
   
  

  

 
   

 

  

 
   

 

  

 
   

 

  

  

Now the normal meet at YZ – Plane at    then     

 
  
 

  

 
   

 

  

 
   

 

  

     
   

 

  

 
   

 

  

  

     
   

 

  

       
   

    
   

      ( 
  

    )     (
     

  )  

         
   

 

  

      
   

  
  

   

  
    ( 

  

  
  )     (

     

  
)  

Thus a point lying in YZ – Plane which is    have the coordinates  *   (
     

  )   (
     

  )+ 

Similarly a point lying in XZ – Plane which is    have the coordinates  * (
     

  )     (
     

  )+ 

Thus a point lying in XY – Plane which is    have the coordinates  * (
     

  
)   (

     

  
)   + 

|   |  √   * (
     

  
)   +

 

 * (
     

  
)   +
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 |   |  √     *(
        

  
)+

 

   *(
        

  
)+

 

  

 |   |  √       

       

   |   |    √
  

   
  

   
  

    

Similarly  |   |    √
  

   
  

   
  

    and  |   |    √
  

   
  

   
  

    

So 
|   |

|   |
 

  √  

   
  

   
  

  

  √  

   
  

   
  

  

 
  

            

Similarly 
|   |

|   |
 

  √  

   
  

   
  

  

  √  

   
  

   
  

  

 
  

                 Also   
|   |

|   |
 

  √  

   
  

   
  

  

  √  

   
  

   
  

  

 
  

            

QUESTION: the normal at a point ‘P’ of the ellipsoid is 
  

   
  

   
  

     meet the coordinate 

planes in the points         respectively. Prove that the ratios |   | |   | |   | are 

constant. 

SOLUTION: Given surface is          
  

   
  

   
  

             
  

      
  

      
  

   

Now the equation of tangent plane at any point          to the surface  is  
   

  
 

   

  
 

   

  
 

 
   
  

  

 
   
  

  

 
   
  

  

 
   

 

  

 
   

 

  

 
   

 

  

  

Now the normal meet at YZ – Plane at    then     

 
  
 

  

 
   

 

  

 
   

 

  

     
   

 

  

 
   

 

  

  

     
   

 

  

       
   

  
  

   

  
    ( 

  

  
  )     (

     

  
)  

         
   

 

  

      
   

  
  

   

  
    ( 

  

  
  )     (

     

  
)  

Thus a point lying in YZ – Plane which is    have the coordinates  *   (
     

  
)   (

     

  
)+ 

Similarly a point lying in XZ – Plane which is    have the coordinates  * (
     

  )     (
     

  )+ 

Thus a point lying in XY – Plane which is    have the coordinates  * (
     

  )   (
     

  )   + 

|   |  √   * (
     

  )   +
 

 * (
     

  )   +
 

  

 |   |  √     *(
        

  )+
 

   *(
        

  )+
 

  

 |   |  √       

       

   |   |    √
  

   
  

   
  

     

Similarly  |   |    √
  

   
  

   
  

    and  |   |    √
  

   
  

   
  

    

Hence |   | |   | |   |           is constant. 
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QUESTION: Show that the tangent plane at the point common to the surface                       

                 and a sphere whose centre is at origin and radius ‘b’                                              

            makes intercept on the axis whose sum is constant. 

SOLUTION: 

Given surface is                            

                              
 

 
 

 

 
 

 

 
                       

    
 

  
     

 

  
     

 

  
 

Now the equation of tangent plane at any point          to the surface is                                        

                           

      ( 
 

  
)       ( 

 

  
)       ( 

 

  
)     

 
 

   
 

   
 

   
 

   
 

   
 

     
 

   
 

 
 

 

   
 

 
 

 

   
 

 
    

 
 

  
 

 

  
 

 

  
 

 

 
 

 

 
 

 

 
 

 

  
 

 

  
 

 

  
 

 

 
     

          

   
 

 

 
 

 
 

  

 

 
 

  

 

 
 

  

 

    

Thus the intercepts of the coordinates axis are (
  

 
    )  (  

  

 
  )  (    

  

 
) and  

 
  

 
 

  

 
 

  

 
 

        

 
 

  

 
           

 

QUESTION: Find equation of tangent plane to the surface           at           

SOLUTION: 

Given surface is                    

                                                  

Now the equation of tangent plane at any point          to the surface is                                        

                                                  

                                        

               

ENVELOPS 

The locus of characteristics of        as ‘a’ varies is called envelope of the family of surface 

with parametric value ‘a’ . it is determined by eliminating ‘a’ from         and 
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QUESTION: Find the envelope of the family of paraboliods                  where ‘a ‘ is 

parameter. 

SOLUTION: 

Given surface is                              

 
 

  
                         

 

 
  

        (
 

 
 ) (  

 

 
 )            (

    

 
)     

                                          

QUESTION: show that the envelope of surfaces 
 

 
         

 

 
         

 

 
       is the 

ellipsoid 
  

   
  

   
  

     where   and   are independent parameters. 

SOLUTION 

Given surface is              
 

 
         

 

 
         

 

 
                  

 
 

  
      

 

 
         

 

 
               ( 

 

 
     

 

 
    )    

         ( 
 

 
     

 

 
    )    

 

 
     

 

 
     

    

    
 

  

  
 

      
  

  
      

  

√         
      

  

√         
  

 
 

  
     

 

 
         

 

 
         

 

 
       

     (
 

 
     

 

 
    )  

 

 
       

 

 
         (

 

 
     

 

 
    )  

 
 

 

    

    
 (

 

 
     

 

 
    )  

 

 
     (

 

 
     

 

 
    )  

 
 

 
     .

 

 
 

  

√         
 

 

 
 

  

√         
/ 

 
 

 
     

         

  √         
 

√         

  
      

 √         

   
  

 

      
 √         

√                    
      

   

√                    
  

    
 

 
 

  

√         
 

 √         

√                    
 

 

 
 

  

√         
 

 √         

√                    
 

 

 

   

√                    
       

 
    

 √                    
 

    

 √                    
 

    

 √                    
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   √                    
   

√                    

   
    

 √                                                       

 
      

      
 

      

      
 

      

      
   

  

  
 

  

  
 

  

  
    which is required  

QUESTION: Find the envelope of the family of cones      

                               with ‘a’ being parameter. 

SOLUTION: 

Given surface is                                       

 
  

  
                                         

                                       

                                            

   
            

   
    Using this value in (i) we will get required eq. of envelope. 

QUESTION (Annual;2016):  

Sphere of constant radii ‘b’ having their Centre at fixed circle              prove that 

their envelope is the surface                              

SOLUTION 

            is the equation of sphere with centre at origin 

Now the centre of sphere will be                 

                                 

                                             

                                        

 
  

  
                                   

    

    
 

 

 
 

      
 

 
      

 

√     
      

 

√     
  

                  (  
 

√     
   

 

√     
)      

               (
     

√     
)                   √          

                  √                                    

QUESTION: Find the envelope of family of the surface                in which parameters 

‘a’ and ‘b’ are connected by the equation          

SOLUTION 

Given surface is                       and                   

Diff.      w.r.to ‘a’ and ‘b’ having total differential     
  

  
   

  

  
              

Diff.       w.r.to ‘a’ and ‘b’ having total differential      
  

  
   

  

  
             

ww
w.
Ra
na
Ma
th
s.
co
m

www.RanaMaths.com

www.RanaMaths.com



82 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

Now 

     
  

  
   

  

  
                      

  

  
   

  

  
  

  

  
        

Also       
  

  
   

  

  
                      

  

  
   

      ( 
  

  
)       Using              (

  

  
)  

  

  
 

  

  
         

Elimination of ‘a’ and ‘b’ from                  will give us the required equation of envelope. 

QUESTION: Prove that the envelope  of the surface                  in which parameters 

‘a’ and ‘b’ and ‘c’ are connected by the equation            is obtain by eliminating ‘a’ , ‘b’, 

‘c’ from         
  

  
 

  

  
 

  

  
 

SOLUTION 

Given surface is                         and                     

Diff.      w.r.to ‘a’, ‘b’ and ‘c’ having total differential  
  

  
   

  

  
   

  

  
              

Diff.       w.r.to ‘a’, ‘b’ and ‘c’ having total differential  
  

  
   

  

  
   

  

  
             

Now multiplying eq. (iii) by 
  

  
 and (iv) by 

  

  
 and subtracting  

                        and                          

Then required answer                                

                        
  

  
          

Let  
  

  
   where    and    are the changes in parameters ‘a’ and ‘b’. Then for different 

values of    and    we have different values of ‘k’ and it will always non – zero. So eq. (v) will 

hold only when                                     

                         
  

  
 

  

  
           

  

  
 

  

  
          

From                 
  

  
 

  

  
 

  

  
 and also         are required. 

QUESTION: Prove that the envelope of the plane              is an ellipsoid where 

                  

SOLUTION 

Given                                       

                     √               

                            √                  

Now 
  

  
   

    

 √              
     

   

 
      

   

 
   

  

   

 
  

  
   

    

 √              
     

   

 
      

   

 
   

  

   

 
  

  
   

    

 √              
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  *
  

  
 

  

  
 

  

  
+    *

  

  
 

  

  
 

  

  
+    Which is required equation of ellipsoid.  

NOTE: two surfaces are said to touch each other at a common point when they have same 

tangent plane and normal at that point. 

THEOREM: Prove that the envelopes touché each member of the family of the surface at all 

points of its characteristics. 

PROOF: 

The characteristic corresponding to the parametric value  ‘a’  lies both on the surface and 

envelope and hence have the same parametric value. 

The normal to the surface              is parallel to the vector (
  

  
 
  

  
 
  

  
)  and the 

equation of envelope is obtained by elimination from              and 
 

  
            

So the normal to the envelope of the surface              is the vector   

(
  

  
 

  

  
 
  

  
           

  

  
 

  

  
 
  

  
               

  

  
 

  

  
 
  

  
)            

Using (ii) in (iii)  (
  

  
 
  

  
 
  

  
)   

 

  
              

Hence this show that all common points the surface and envelope have the same normal  

(
  

  
 
  

  
 
  

  
) therefore have the same tangent plane. So that surface and envelope touch each 

other at all points of characteristic. 

  

 

EDGE OF REGRESSION: The locus of ultimate intersection of consecutive characteristics of one 

parameter family of surface is called Edge of Regression. 

THEOREM: Prove that each characteristic touches the edges of regression. 

PROOF: 

 

If A,B,C are the three consecutive characteristics. And A and B intersect at ‘P’ and B and C 

intersect at ‘Q’. Thus ‘P’ and ‘Q’ are consecutive points at characteristic B and on edge of 

regression. 

Hence ultimately as A and C tends to coincide with B then the chord PQ will become the 

common tangent to the characteristic and edge of regression. Thus Surface or curve are said to 

touch each other at a common point if they have same tangent to the characteristic. 
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METHOD TO FINDING THE EDGE OF REGRESSION 

Let              be the one parameter family of surface with parameter ‘a’ then the 

equations of characteristic corresponding to the parametric values ‘a’ and        are 

               
 

  
             also                   

 

  
                

It follows that        
                          

  
     where    

  

  
     

   

            

So we can find the edge of regression by eliminating ‘a’ from                         

QUESTION: Find the edges of regression of the envelope of the planes     

                 with   being parameter. 

SOLUTION: 

Let                                           

Now     
  

  
                            

     
   

   
                            

                             
    

    
 

 

 
      

 

 
        (

 

 
) 

Also      
 

√     
          

 

√     
           

Now using      in     

                                    (
 

 
)            

Now using     in              
 

√     
  

 

√     
     

     

√     
   √        

                     

Hence equation      and       are the equations of edges of regression. 

QUESTION:    Find the envelope and edges of regression of the family of ellipsoids    

  (
  

  
 

  

  
)  

  

  
   with   being parameter. 

SOLUTION: 

Let              (
  

  
 

  

  
)  

  

  
                 

Now     
  

  
   (

  

   
  

  )  
   

                

   (
  

   
  

  )  
   

    (
  

   
  

  )  
  

      
  

(
  

   
  

  )
    

 

√(
  

   
  

  )

  

 
 

√(
  

  
 

  

  
)

(
  

   
  

  )  
  

 

√.
  

  
 
  

  
/

     
 

√(
  

  
 

  

  
)

(
  

   
  

  )   √(
  

   
  

  )       

  √(
  

   
  

  )   √(
  

   
  

  )        √(
  

   
  

  )     
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    (
  

   
  

  )     Which is the equation of envelope 

Now       
   

     (
  

   
  

  )  
   

                 

     
  

 
   (

  

   
  

  )                   

Now subtracting      from     

 
  

  
         

 
      

  
           

        (
  

  
 

  

  
)  

  

    
         (

  

  
 

  

  
)         

    .
  

  
 

  

  
/        .

  

  
 

  

  
/   

 

 
           

Now          (
  

   
  

  )  
   

            (
  

   
  

  )  
   

      
    

     .
  

  
 

  

  
/        .

  

  
 

  

  
/   

 

 
            

Since from       (
  

  
 

  

  
)   

 

 
  not possible  

so required equation of regression is   (
  

   
  

  )   
 

 
 

DEVELOPABLE SURFACE: 

In one parameter family of planes the characteristic being the intersection of consecutive plane 

are straight lines. These straight lines are called generator of the envelope and envelope is 

called Developable surface. 

REMARK: 

 The reason of name lies in the fact that plane is developed into a surface without 

stretching or tearing. Any surface which satisfies this property is called Developable 

surface. 

 Tangent plane of Developable surface depends upon only one parameter. 

QUESTION: Find the condition that the given surface is developable. 

SOLUTION: Let          be an equation of surface then the equation of tangent plane at 

         will be           
  

  
      

  

  
 

Tangent plane of developable surface depends upon only one parameter. There must be some 

relation between 
  

  
     

  

  
 which may be written as                          

  

  
   (

  

  
)         where   is constant. 

Diff.     w.r.to ‘x’  
   

      (
   

    
)         

Diff.     w.r.to ‘y’  
   

    
   (

   

   
)  

   

   
 

 

 
 (

   

    
)               

   

    
 

   

    
 

𝒄𝟐 .
𝒙𝟐

𝒂𝟐
 
𝒚𝟐

𝒃𝟐
/  

𝒛𝟐

𝒄𝟐
 𝟏  𝟎 

𝑐 .
𝑥 

𝑎 
 
𝑦 

𝑏 
/   𝑧    
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Multiplying      and         
   

    
   

      (
   

    
)  

 

 
 (

   

    
)      

 
   

   
 
   

   
  (

   

    
)
 

which is the condition for the given surface to be developable. 

QUESTION: For the surface           prove it is developable. 

SOLUTION: Given surface            

 √         √              √     

Now 
  

  
 

 

 √  
    similarly 

  

  
 

 

 √  
     

   

    
   

     
 
 

   and  
   

    
   

     
 
 

  

Also 
   

    
 

  

     
 
 

 
 

 √  
 

       

     
 
 

 
  

     
 
 

 

Now to prove surface is developable use   
   

   
 
   

   
  (

   

    
)
 

 

 .
   

     
 
 

/.
   

     
 
 

/   .
  

     
 
 

/

 

 
    

       
  

    

       
      

EDGE OF REGRESSION OF A DEVELOPABLE SURFACE:  The edge or regression of a developable 

surface is the locus of intersection of consecutive generators and are touched by each 

generator. 

OSCULATING DEVELOPABLE:  The envelope of the osculating plane is called osculating 

developable. 

QUESTION(PP):  Fid the osculating developable of the circular helix                     

SOLUTION:  For osculating developable we have [( ⃗    )     ⃗ ]           

Given                             
   

  
 

   

  
 
  

  
                                            

and     
   

  
 

   

  
 
  

  
                          ⃗                           

  ⃗  
 

 
                        

    [( ⃗    )     ⃗ ]    |

                  
                  

      
     

 
      

     

 
 

|       

         [        
(  )

 

 
]           [        

(  )
 

 
]  

      [       
(  )

 

 
        

(  )
 

 
]       

 

       
(  )

 

 
            

(  )
 

 
        

(  )
 

 
            

(  )
 

 
 

        [     
(  )

 

 
      

(  )
 

 
]      

                
(  )

 

 
                

(  )
 

 
             

               
(  )

 

 
               

(  )
 

 
           is required equation. 
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THEOREM:  Prove that the generator of the osculating developable of a twisted curve is tangent 

to the curve. 

PROOF:  The equation of the osculating plane at any point ‘P’ with    on the curve is plane 

  ( ⃗    )  ⃗         where  ⃗  is fixed. 

Diff.     w.r.to ‘s’  ( ⃗    )  ⃗            ⃗    ( ⃗    )     ⃗       ⃗    

     ( ⃗    )  ⃗          ( ⃗    )  ⃗             

Now characteristic of surface is given by Equations (i) and (ii) is the of rectifying plane. The 

characteristic of generator is the intersection of osculating plane and rectifying plane and it is 

tangent to the curve at that point ‘P’ 

Hence generator of osculating developable are tangent to the curve. 

THEOREM(PP):     Prove that the edge of regression for osculating developable is curve itself. 

PROOF:  For edge or regression ( ⃗    )  ⃗    where  ⃗  is fixed. 

Diff. w.r.to ‘s’  ( ⃗    )  ⃗            ⃗    ( ⃗    ) (  ⃗     )  (    )  ⃗    

 [ ( ⃗    )  ⃗   ( ⃗    )   ]      ⃗    [ ( ⃗    )  ⃗   ( ⃗    )   ]      

  [   ( ⃗    )   ]        ( ⃗    )  ⃗                                    

    ( ⃗    )                 Also from previous result ( ⃗    )  ⃗    and 

( ⃗    )  ⃗    shows that ( ⃗    ) is perpendicular to     ⃗       ⃗  which is not possible. Hence  

 ( ⃗    )     ⃗      Edge of regression is curve itself. 

THEOREM:     A point on the edge of regression corresponding to a point       on the given 

curve is given by  ⃗     
 (      ⃗ )

       
 

PROOF:  For edge or regression ( ⃗    )  ⃗          where  ⃗  is fixed. 

Diff. w.r.to ‘s’  ( ⃗    )  ⃗            ⃗    ( ⃗    ) (  ⃗     )  (    )  ⃗    

 ( ⃗    ) (  ⃗     )      ⃗    ( ⃗    ) (  ⃗     )      

 ( ⃗    ) (  ⃗     )    

Diff. w.r.to ‘s’  ( ⃗    ) (  ⃗      ⃗           )          (  ⃗     )    

 ( ⃗    ) (  ⃗      ⃗           )       ⃗           ( ⃗    ) (  ⃗      ⃗           )       

 ( ⃗    ) (    ⃗     ⃗          ⃗ )      

    ( ⃗    )  ⃗    ( ⃗    )  ⃗    ( ⃗    )      ( ⃗    )  ⃗      

     ( ⃗    )  ⃗    ( ⃗    )          ( ⃗    )[   ⃗      ]             

Since  ( ⃗    )  (  ⃗     )  ( ⃗    )   (  ⃗     )   ⃗      (  ⃗     ) 

      (  ⃗     )[   ⃗      ]       [       ]          [       ]  

  ⃗     
 (      ⃗ )
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CURVILINEAR COORDINATES AND FUNDAMENTAL MAGNITUDE 

LENGTH OF SIMPLE CLOSED CURVE: The length of simple closed curve    of a period   is defined 

as   ∫ ‖      ‖  
 

 
 

FIRST FUNDAMENTAL FORM OF THE SURFACES OR FIRST ORDER MAGNITUDES: Consider tow 

Neighboring points on the surface with position vectors               corresponding to the 

parameters                    respectively       Then                
   

  
   

   

  
   

  

As the two points are adjacent on the curve passing through them, the length    of the arc joining them 

is equal to their actual distance |   | apart. Thus     |   |  

We shall use suffix     to indicate the partial differentiation w.r.to ‘u’ and suffix “2” to indicate the 

particular differentiation w.r .to ‘v’  hence   

        
   

  
          

   

  
            

    

               
    

               
    

    
  and so on. 

We note that the vector     is along the tangent to the curve               at the point    and 

the vector     is along the tangent to the curve               at the point    

Now     |   |  (
   

  
   

   

  
  )

 

              
     

 
       

 
                

Then we will write    
 
       

 
                

Then     |  ⃗ |                   this equation is called the fundamental form 

of the first order. Where E,F,G are called fundamental magnitudes of first order. 

We may also use          
   

  
 

  

  
             

   

  
  

  

  
                                                   

          
    

    
   

                   
    

    
   

                   
    

    
 

   

    
     

Then     
 
         ‖  ‖

      
 
         ‖  ‖

                     

QUESTION: For        find first fundamental form of the surface. 

SOLUTION: Suppose                                                                                   

                                                                  

Where         ‖  ‖
           ‖  ‖

              

And                         i.e. total differential 

Comparing (i) and (ii)       and       

                                   this the 1st fundamental form of the surface. 

Then length of curve of first fundamental form is   ∫ ‖      ‖  
 

 
 

Since          ‖      ‖                   

   ∫ ‖      ‖  
 

 

 ∫ √                  
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PROPERTIES: 

i.   √      

let           
 
    

 
          

   |   ||   |       |   |
 |   |

          
 
   

 
      

where ‘w’ is the angle between             

Now          
 
   

 
    

 
   

 
         

 
   

 
             

 
   

 
         (Constant) 

   √        where H is any arbitrary positive constant. 

ii.    √    

Since       |   |                    then the length of the parametric curve 

           is obtained by putting       so we get             √    

iii.    √    

Since       |   |                    then the length of the parametric curve 

           is obtained by putting       so we get             √    

iv. Now we find the unit vectors in the direction of            . For this let         ⃗  be unit 

tangents to the parametric curves                           then  

   
   

|   |
  

   

√ 
      ⃗  

   

|   |
  

   

√ 
 

v. the two parametric curves through any point of the surface cut an angle w such that   

     ⃗  |  || ⃗ |          
 ⃗    ⃗ 

| ⃗ || ⃗ |
 

 ⃗⃗  

√ 
  
 ⃗⃗  

√ 

   
 

       

√  
 

 

√  
      

 

√  
                       

now      √        √  
  

  
 √

     

  
      

 

√  
 

also the two parametric curves through any point of the surface cut an angle w such that  

      ⃗  |  || ⃗ |          
 ⃗     ⃗ 

| ⃗ || ⃗ |
 

 ⃗⃗  

√ 
   

 ⃗⃗  

√ 

   
 

       

√  
 

 

√  
      

 

√  
                       

now      
    

    
 

 

√  
 

√  

 
 

 
      

 

 
 

vi. For      
 

√  
  that the parametric curves will be cut at right angle at any point if and 

only if                                                     

now if consider          
 

√  
                                  

hence the curves are orthogonal.                         

Now if the curves are orthogonal then          
 

√  
     

vii. Surface is plane surface if           

 

QUESTION: Find the first fundamental form of the surface for plane            ⃗       

where     both are unit vectors. 

SOLUTION:             ⃗                 

Then         ‖ ‖             ‖ ‖                              

For 1st fundamental form we have                          
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QUESTION: Find the first fundamental form for the surface of revolution                                    

       [                      ] assuming            

SOLUTION:         [                      ] where                      is 

unit speed curve.    

    [                         ]    [                    ] 

Then                                                       

 

For 1st fundamental form we have                               

Special Case: Take                             

Then we have                               

QUESTION: Find the first fundamental form for general cylinder                   where ‘  ’ 

is unit speed curve and    is unit vector. 

SOLUTION:                                     

Then         ‖      ‖             ‖  ‖                         

For 1st fundamental form we have                          

PRACTICE: Find the first fundamental form for the following surfaces; 

i.                                      

ii.                        iii.                    

iv.                        

QUESTION: on the surface of revolution                        write down 

fundamental form of first order.  Show that the parametric curves are orthogonal. 

SOLUTION:     [                ] 

     
   

  
 [               ]      

   

  
 [              ] 

      
 
                            

 
                    

           [               ] [              ]                         

              show that both vectors are orthogonal. 

Now for the fundamental form of fist order                       

     (     )                         (     )          

DIRECTION ON A SURFACE:  Let            be a surface and let         and         denote 

the change in    in two directions then  

                            and                                

                                                           

                                   

ww
w.
Ra
na
Ma
th
s.
co
m

www.RanaMaths.com

www.RanaMaths.com



91 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

Now write |   |      also   |   |      and consider   is the angle between two directions then  

                                   

The two directions are perpendicular if         

We also note that  |       |                                      

 |                           |             |       ||          |           

  |          |           

STANDARD UNIT NORMAL TO THE SURFACE: A surface ‘S’ defined by a mapping        

where      containing a point  ⃗  then standard unit normal to the surface is defined as 

 ⃗⃗    ⃗  
       

‖       ‖
   

OR The normal to the surface at any point is perpendicular to every tangent line               

and its direction is along  |       |  Thus   ⃗  
       

|       |
 

       

 
 

It is clear that       ⃗     also       ⃗     and we also get the following properties  

1. [ ⃗                    ]   ⃗             ⃗   ⃗     

2.      ⃗      
       

 
 

 

 
[             ]  

 

 
[                         ]  

 

 
[         ] 

3.      ⃗      
       

 
 

 

 
[             ]  

 

 
[                         ]  

 

 
[         ] 

SECOND FUNDAMENTAL FORM OF SURFACES OR FUNDAMENTAL FORM OF SECOND ORDER:  

Let        is a parameterization of a surface. Then the 2nd fundamental form is defined by 

the formula                    

Where     ⃗        ⃗          ⃗        ⃗           ⃗        ⃗      

The second order derivative or     with respect to ‘u’ and ‘v’ are denoted by  

          
    

   
                    

    

   
                     

    

    
     

 Then “the fundamental magnitude of the second order is the resolved parts of the vectors  

                     in the direction of normal to the surface” and they are denoted by  

   ⃗        ⃗          ⃗        ⃗          ⃗        ⃗      

Also keep in mind the relation           which is not necessarily positive. 

We can express scalar triple product by using L,M and N as follows; 

1. [                       ]                   ⃗          

2. [                       ]                   ⃗          

3. [                       ]                   ⃗          

THINGS TO REMEMBER:  

Let        be the point of contact with parameter values ‘u’ and ‘v’ and  ⃗  the unit normal. 

Then the position vector of a neighboring point               on the surface has the 

values                   
 

 
       

        
             

Also the length of the perpendicular from ‘Q’ on the tangent plane at ‘P’ is the projection of the 

vector ‘  ⃗⃗⃗⃗  ⃗’ on the normal at ‘P’  and is therefore equal to      

     ⃗                
 

 
 ⃗         
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As  ⃗       also   ⃗      thus the first expression vanishes and the net result so obtained is   

    
 

 
 ⃗         

        
             

 

 
  ⃗        

   ⃗        
    ⃗              

    
 

 
                   

Which is the length of perpendicular   ⃗⃗⃗⃗  ⃗  and is called second order magnitude. Or Second 

fundamental form. Where L,M,N are called the fundamental coefficients of Second order. 

 

EXAMPLE: Consider the plane                    where    is a point of plane and        are 

constant unit vectors parallel to the plane and perpendicular to each other then show  

                   

SOLUTION:                                              also       

And  ⃗  
       

‖       ‖
 

      ⃗ 

‖      ⃗ ‖
 then    ⃗       ⃗         ⃗       ⃗         ⃗       ⃗      

                    after putting the values. 

 Compute 2nd fundamental form of elliptical paraboloid                     

EXAMPLE: Compute 2nd fundamental form of a surface of revolution  

       [                      ] 

SOLUTION:         [                      ] where we assume that assuming 

           and                        is unit speed curve.    

    [                         ]      [                            ]   

   [                    ]      [                     ]                    

also     [                      ]   

         |
 ̂  ̂  ̂

                       

                  

|   [                        ]  also ‖       ‖    

Now  ⃗  
       

‖       ‖
 

 *                        +

 
 [                        ]  

then    ⃗                             ⃗       ⃗             ⃗          

                                            after putting the values. 

QUESTION (PP):  Calculate fundamental magnitude of first and second order for the surfaces 

                                      where          are parameters. 

ANSWER:                                                             

     
   

  
 [                        ]      

   

  
 [                          ]  

Now the fundamental coefficients of first order are      
 
       

 
                

      
 
                              

 
                          

           [                  ] [                    ]                         

              show that both vectors are orthogonal. 

Also                              
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Also unit normal to the surface is   ⃗  
       

|       |
  ⃗  

       

 
  

  ⃗  
[                  ]

 
  

Now the fundamental coefficients of second order are                        

For                                                          

      
    

                                              
    

                                     

      
    

    
                      

So the second order coefficients are      ⃗              ⃗        
 

 
    ⃗         

And             ( 
 

 
)
 

 
  

  
 

QUESTION:  Calculate fundamental magnitude of first and second order for the surfaces              

                                        where          are parameters. 

ANSWER:                                                                

     
   

  
 [                  ]      

   

  
 [                  ]  

Now the fundamental coefficients of first order are      
 
       

 
                

      
 
                                

 
          

           [                  ] [                  ]           

Also                                               

                                          

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

       

|       |
 

  ⃗  
       ̂        ̂   ̂

√                 
  

Now the fundamental coefficients of second order are                        

For                                                            

      
    

   
                           

    

   
                               

    

    
                    

So the second order coefficients are      ⃗              ⃗            ⃗         

And             

QUESTION:  Taking x,y, as parameters, calculate the fundamental magnitudes and  the unit 

normal to the surface                 

ANSWER:  Given                 (         
            

 
)       

     
   

  
 (         

       

 
)                     

     
   

  
 (         

       

 
)                     

 𝑟   𝑟   |
𝑖 ̂ 𝑗 ̂ �̂�

𝐶𝑜𝑠𝜑 𝑆𝑖𝑛𝜑  
 𝑢𝑆𝑖𝑛𝜑 𝑢𝐶𝑜𝑠𝜑 𝑐

| 

 �⃗� 𝟏  �⃗� 𝟐  |
�̂� �̂� 𝒌 

𝒂 𝒃 𝒗
𝒂 𝒃 𝒖

| 

ww
w.
Ra
na
Ma
th
s.
co
m

www.RanaMaths.com

www.RanaMaths.com



94 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

Now       
 
                                 

      
 
                         

                              

Also                               

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

       

|       |
 

  ⃗  
[                        ]

√                   
 

[                        ]

 
  

Now the fundamental coefficients of second order are                        

For                 (         
            

 
) 

      
    

                              
    

                                  
    

    
                    

So the second order coefficients are      ⃗       
[                        ]

 
                    

 

 
   

    ⃗       
[                        ]

 
                    

 

 
 

   ⃗       
[                        ]

 
                    

 

 
  

QUESTION: For the surfaces                                          where          are 

parameters. Then show that     
       

 
 

ANSWER:                              (                            )   

     
   

  
 (                           )      

   

  
 [                           ]  

Now the fundamental coefficients of first order are      
 
       

 
                

      
 
             [     ]    [  ]       [  ]   

       
 
                        

           [                           ] [                           ]

                            

Also              [  ]                   [  ]    

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

       

|       |
 

  ⃗⃗  
 [                           ]

 
  

Now the fundamental coefficients of second order are                        

For                            (                            ) 

      
    

                                
    

    [                         ]          

      
    

    
                              

So the second order coefficients are      ⃗       
    

 
      ⃗            ⃗       

    

 
 

And           
    

 
 
    

 
      

       

 
 

 �⃗� 𝟏  �⃗� 𝟐  |
�̂� �̂� 𝒌 

𝒂 𝒃 𝒗
𝒂 𝒃 𝒖

| 

 𝑟   𝑟   |
�̂� �̂� �̂�

𝐶𝑜𝑠𝜑 𝑆𝑖𝑛𝜑 𝑓  𝑢 

 𝑢𝑆𝑖𝑛𝜑 𝑢𝐶𝑜𝑠𝜑  

| 
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QUESTION: For the surfaces                                          where          are 

parameters. Then show that     
  

 
 

ANSWER:                              (                            )   

     
   

  
                           

   

  
 [                                ]  

Now the fundamental coefficients of first order are      
 
       

 
                

      
 
                      

       
 
                 [     ]       [     ]  

           [                       ] [                               ]

                            

Also                [     ]            [     ]  

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

       

|       |
  

  ⃗⃗  
[                           ]

 
 

Now the fundamental coefficients of second order are                        

For                            (                            ) 

      
    

                              
    

                                          

      
    

    
 [                         ] 

So the second order coefficients are      ⃗              ⃗        
  

 
    ⃗       

    

 
 

And             
    

 
 ( 

  

 
)     

  

 
 

QUESTION: On the surface generated by binormal of twisted curve, the position vector of the 

current point may be expressed as      ⃗  where         ⃗   are functions of ‘s’ take ‘u’ and‘s’ as 

parameters and find fundamental magnitudes. 

ANSWER: Let  ⃗  be the position vector of any point on the surface. And  ⃗       ⃗  

  ⃗   
  ⃗ 

  
    ⃗   ⃗    ⃗   ⃗   

  ⃗ 

  
 

  ⃗ 

  
  

  ⃗ 

  
       ⃗    ⃗         ⃗          

where  ⃗  is perpendicular normal to the curve. 

Now the fundamental coefficients of first order are      
 
       

 
                

    ⃗  
 
  ⃗   ⃗           

     ⃗  
 
 (      ⃗ )(      ⃗ )           ⃗            

    ⃗    ⃗        ⃗  ⃗      

Also unit normal to the surface is   ⃗  
 ⃗    ⃗  

 
  ⃗  

 ⃗    ⃗  

| ⃗    ⃗  |
  ⃗⃗  

 ⃗⃗      

√      
 

Now the fundamental coefficients of second order are    ⃗        ⃗        ⃗    

 𝑟   𝑟   |
�̂� �̂� �̂�

𝐶𝑜𝑠𝜑 𝑆𝑖𝑛𝜑  

 𝑢𝑆𝑖𝑛𝜑 𝑢𝐶𝑜𝑠𝜑 𝑓  𝜑 

| 
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For  ⃗       ⃗    ⃗    
   ⃗ 

   
      ⃗    

   ⃗ 

    
  ⃗      ⃗       

    ⃗⃗    
   ⃗⃗ 

   
 (       ⃗⃗      ⃗⃗  )    ⃗⃗    (  ⃗⃗     )      ⃗⃗    ⃗⃗      ⃗⃗            ⃗⃗    

  ⃗            ⃗      ⃗        

So the second order coefficients are      ⃗   ⃗           ⃗   ⃗     
 

 
      

   ⃗   ⃗    
          

 
     And             

          

 
 ( 

 

 
)
 

    
  

  
 

QUESTION:  When the equation of the surface is given in Mango’s form            ; x,y may 

be taken as parameters. Let ‘P’ , ‘Q’ be derivatives of ‘z’ of first order and  let ‘r’,’s’,’t’  be those 

of second orders then show that    
     

  
  Also deduce that       for a developable 

surface. 

ANSWER: Given that              
  

  
   

  

  
   

   

   
   

   

   
   

   

    
 

                                 
   

  
 (            

  

  
  )      

   

  
 *                  

  

  
  + 

Now the fundamental coefficients of first order are      
 
       

 
                

    ⃗  
 
                                         

Also                      

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

       

|       |
 

  ⃗⃗  
[                  ]

√       
 

Now the fundamental coefficients of second order are                        

For                            

      
    

                              
    

                                  
    

    
                   

So the second order coefficients are      ⃗       
 

 
      ⃗       

 

 
    ⃗       

 

 
 

And           
 

 
 
 

 
 

  

      
     

     ……….(i) 

Now for a developable surface          

(
   

    
)
 

 
   

    
   

                           

QUESTION:  Show that the curves                   form an orthogonal system on the 

surfaces                                       where          are parameters. 

ANSWER:                                                           

     
   

  
                           

   

  
 [                            ]  

Now the fundamental coefficients of first order are      
 
       

 
                

      
 
                      

       
 
                            

 𝑟   𝑟   |
�̂� �̂� �̂�
  𝑝
  𝑞

| 
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           [                       ] [                           ]                        

     

Also the directions are given by                                                     

 (
  

  
)
 

         
  

  
 √                     

  

  
  √                

the two directions 
  

  
 
  

  
 on a surface are orthogonal if  

  

  
 
  

  
  (

  

  
 

  

  
)               

now putting values in L.H.S.                                  

  
  

  
 
  

  
  (

  

  
 

  

  
)       √       √                  

  
  

  
 
  

  
  (

  

  
 

  

  
)                                                   

  
  

  
 
  

  
  (

  

  
 

  

  
)      Thus two directions are orthogonal. 

QUESTION (PP):  Show that the differential equation of the orthogonal projection of the family 

of curves given by            where ‘P’ and ‘Q’ are function of ‘u’ and ‘v’ is   

                          

ANSWER: The family of the curves is given by                      

Diff.w.r.to ‘v’     
  

  
     

  

  
  

 

 
    

Now the condition for two curves to be orthogonal is  (
  

  
 
  

  
)   (

  

  
 

  

  
)         

  (
  

  
 ( 

 

 
))   (

  

  
 

 

 
)         

  

  
  

 

 
 

                                              Required. 

QUESTION:  Find the tangent of the angle between two directions on the surface determined 

by the equation                   

(OR)  if   is the angle between two directions on the surface determined by   

                  then show that       
 √      

        
 

ANSWER: The given equation is                    

  (
   

   )   (
  

  
)                        

Let (
  

  
) and (

  

  
) be the roots of the given above equation then  

             
  

  
 

  

  
  

 

 
                           

  

  
 
  

  
 

 

 
          

                    
  

  
 

  

  
 

√      

 
          

Now we know that if   is the angle between two directions on the surface then                        

                                   and                        

Hence       
            

                        
  

      
 (

  

  
 

  

  
)

 
  

  
 
  

  
  (

  

  
 

  

  
)  

                       

      
 .

√      

 
/

 (
 

 
)  ( 

 

 
)  

                                    
 √      
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QUESTION:  Prove that if   is the angle between a direction on a surface and the curve 

           then       
 

√ 
( 

  

  
  

  

  
)   and       

 

√ 
(
  

  
) 

ANSWER: We know that if     is the displacement corresponding to the increments        

        is the displacement corresponding to the increments         then  

                            and                                

Then angle   between two directions is                              

                                                                        

and                                                        

now if the displacement is in the direction            then                                         

                 |   |  |   |      √                          

        √                                                                             

   √                     
 

√ 
( 

  

  
  

  

  
)                                 

       √                    √                  √           

      
 

√ 
(
  

  
) 

QUESTION: If   is the angle between a direction on a surface and the curve            then 

find       

ANSWER: We know that if     is the displacement corresponding to the increments        

        is the displacement corresponding to the increments         then  

                            and                                

Then angle   between two directions is                              

                                                                        

and                                                        

now if the displacement is in the direction            then                                         

                 |   |  |   |      √                          

        √                                                                             

   √                     
 

√ 
( 

  

  
  

  

  
)                                 

       √                    √                  √           

      
 

√ 
(
  

  
) 

Then      
    

    
 

 

√ 
( 

  

  
  

  

  
)

 

√ 
(
  

  
)

      
 

 
(   

  

  
) 

QUESTION(PP):  Prove that if   is the angle between a direction on a surface and the curve 

           then       
 

√ 
( 

  

  
  

  

  
)   and        

 

√ 
(
  

  
) 

ANSWER: We know that if     is the displacement corresponding to the increments        

        is the displacement corresponding to the increments         then  

                            and                                

Then angle   between two directions is                              

                                                                        

and                                                        

now if the displacement is in the direction            then                                         

                 |   |  |   |      √                          
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        √                                                                               

   √                     
 

√ 
( 

  

  
  

  

  
)                                 

       √                    √                                                   

   √                   
 

√ 
(
  

  
) 

QUESTION(PP):  Prove that if   is the angle between a direction on a surface and the curve 

           then find       

ANSWER: We know that if     is the displacement corresponding to the increments        

        is the displacement corresponding to the increments         then  

                            and                                

Then angle   between two directions is                              

                                                                        

and                                                        

now if the displacement is in the direction            then                                         

                 |   |  |   |      √                          

        √                                                                               

   √                     
 

√ 
( 

  

  
  

  

  
)                                 

       √                    √                                                   

   √                   
 

√ 
(
  

  
) 

Then      
    

    
 

 

√ 
( 

  

  
  

  

  
)

  
 

√ 
(
  

  
)

       
 

 
( 

  

  
  ) 

 

DERIVATIVES OF     ⃗⃗     (By means of fundamental magnitudes) 

We may express the derivatives of  ⃗  in terms of                            

we know that  ⃗         ⃗        ⃗                                                           

  ⃗         ⃗          

Similarly we can find  ⃗         ⃗          ,,   ⃗         ⃗             ⃗         ⃗           

now we know that  ⃗   ⃗     ⃗    ⃗   ⃗   ⃗                                              

  ⃗   ⃗      ⃗    ⃗   and therefore  ⃗   is parallel to the plane determined by                   

thus we can express  ⃗               where ‘a’ and ‘b’ are to be determined as follows            

forming the scalar product of each side with             we get                                                 

  ⃗                            
 
                                                                          

  ⃗                                      
 
                     

Multiplying eq (i) with F and (ii) with E and the subtracting we get  

                                    
       

       
   

       

    

Multiplying eq (i) with G and (ii) with F and the subtracting we get  

                                     
       

       
   

       

    

Then for  ⃗              
       

      
       

                                                          

    ⃗                                    
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Similarly for  ⃗              
       

      
       

                                                          

    ⃗                                    

Now form (iii) and (iv) we have 

               ⃗           ⃗    also                ⃗           ⃗     

Where           

POSSIBLE QUESTION:  Express the derivative of  ⃗  w.r.to ‘u’ as a linear combination of 

derivatives of    

SOME   USEFUL  RESULTS  

 Prove that  [ ⃗⃗   ⃗⃗    ⃗⃗  ]     

Proof: we know that        ⃗                                                                     

    ⃗                                   

Then taking cross product of above both 

     ⃗    ⃗    [                             ]          

     ⃗    ⃗      [     ]           After multiplication and simplifying 

    ⃗    ⃗    ⃗         ⃗    ⃗       ⃗  
       

 
 

  [ ⃗   ⃗    ⃗  ]     

 Prove that  [ ⃗⃗   ⃗⃗    ⃗  ]        

Proof: we know that        ⃗                           

     ⃗                                                   ⃗                

    ⃗    ⃗         ⃗           ⃗              [ ⃗⃗   ⃗⃗    ⃗  ]         

 Prove that  [ ⃗⃗   ⃗⃗    ⃗  ]        

Proof: we know that        ⃗                           

     ⃗                                                 ⃗                           

    ⃗                 ⃗     ⃗    ⃗         ⃗           ⃗                        

  [ ⃗⃗   ⃗⃗    ⃗  ]        

 Prove that  [ ⃗⃗   ⃗⃗    ⃗  ]        

Proof: we know that         ⃗                         

     ⃗                                                  ⃗                           

    ⃗    ⃗         ⃗           ⃗       [ ⃗⃗   ⃗⃗    ⃗  ]        

 

 Prove that  [ ⃗⃗   ⃗⃗    ⃗  ]        

Proof: we know that         ⃗                         

     ⃗                                  ⃗         

    ⃗    ⃗         ⃗           ⃗         [ ⃗⃗   ⃗⃗    ⃗  ]        
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PRINCIPAL CURVATURES, PRINCIPAL SECTIONS, PRINCIPAL 

DIRECTIONS AND LINES OF CURVATURE 

CURVATURE OF THE NORMAL SECTION:   A normal section of a surface at a given point is the 

section of the surface by a plane containing the normal at the point. Such a section is plane 

curve, whose PRINCIPAL normal is parallel to the normal to the surface. We adopt the 

convection that the PRINCIPAL normal to the normal section is in the same direction as the 

direction of the normal to the surface. 

NORMAL CURVATURE AND RADIUS OF NORMAL CURVATURE: Curvature of the normal section 

is called the normal curvature and its reciprocal is called the radius of the normal curvature. 

And it is denoted as       
                    

                 

OR if    is a unit speed curve in surface patch   i.e.       [         ] and ‖      ‖    

  

Then        is a unit tangent vector. Hence      ⃗                            then by 

definition of cross product  ⃗      is also a unit vector perpendicular to          ⃗  unit vectors. 

Since    is a unit speed curve then          and hence the linear combination of  ⃗       ⃗      is  

        ⃗      ⃗               

Taking dot product of (i) with  ⃗         ⃗     ⃗   ⃗      ⃗        ⃗              

     ⃗     ⃗⃗  is called Normal Curvature. 

Taking dot product of (i) with  ⃗              ⃗          ⃗    ⃗           ⃗         ⃗        

        ⃗                        ⃗      ⃗⃗   ⃗    is called Geodesic Curvature. 

REMARK: 

 since   ‖    ‖     ‖    ‖               [   ⃗      ⃗      ] [   ⃗      ⃗      ] 

      
  ⃗   ⃗        ⃗        ⃗        ⃗        ⃗    

   ⃗         ⃗       

      
    

    √  
    

  is actual curvature. 

SYNCLASTIC AND ANTICLASTIC:  Those portions of the surface on which the two principal 

curvatures have the same sign are said to be Synclastic e.g. the surface of an ellipsoid is 

Synclastic at all points, where those portions of the surface on which the two principal 

curvatures have opposite sign are said to be Anticlastic e.g. the surface of hyperbolic 

paraboloid is anticlastic at all points. 

GUASS MAP:   

for any regular parameterized surface       , the Gauss map                   is 

defined as    
 

  
 

 

  

‖
 

  
 

 

  
‖
 

The Gauss map sends        of surface S to the point         of    
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MEUNIER’S THEOREM:   The curvature    of a normal section of a surface in any direction and 

the curvature  of any other section through the same tangent line are related as     

              
  

 
 where   is the angle between the planes (Principal Normals) of 

the two sections. 

PROOF (1ST METHOD):   The angle between the two planes is the same as the angle between 

the PRINCIPAL normals of their sections. The unit PRINCIPAL normal of the normal section is 

clearly  ⃗  and the unit PRINCIPAL normal of the other section, by Serret Frenet Formulae, is 

           ⃗   ⃗  
    

 
 and hence   is given by       ⃗  

    

 
          

Now we know that      
   

  
 

   

  
 
  

  
 

   

  
 
  

  
      

 

  
(
   

  
)  

 

  
(
   

  
 
  

  
 

   

  
 
  

  
)  

      
 

  
(
   

  
)

  

  
 

   

  

   

   
 

 

  
(
   

  
)

  

  
 

   

  

   

   
 

      .
    

   

  

  
 

    

    

  

  
/
  

  
 

   

  

   

   
 .

    

   

  

  
 

    

    

  

  
/
  

  
 

   

  

   

   
 

           
        

     ⃗      
        

         
    ⃗      

   

  ⃗        ⃗       
    ⃗       

     ⃗   ⃗      
    ⃗       

     ⃗       
    ⃗   ⃗      

   

  ⃗        ⃗       
     ⃗       

       ⃗       
     

  ⃗                                 

We note that u’ and v’ have the same value for both the curves at P, hence  ⃗       have the same 

value for both the curves at this point. 

Next we know consider the normal section using Serret Frenet Formulae    

            ⃗        ⃗     ⃗   ⃗           ⃗             

          ⃗  
    

 
      

  

 
            This is required. 

PROOF (2nd METHOD):    Suppose    is the unit speed curve on the surface patch   then      is 

perpendicular to      ̂ but      makes angle   with the principal unit normal  ⃗  then  

      ̂  ‖    ‖‖ ̂‖             

 

Now since           ̂  and   ‖    ‖      ‖ ̂‖                      
  

 
 

 

CORROLLORY:      Since 

         ̂                         
                    

     
 

Then using first fundamental form we have      
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QUESTION:      If L,M,N vanish at all points then show that the surface is plane. 

ANSWER: We know that                                                 

  All normal sections are straight line which is possible only if the surface is plane. 

QUESTION:  A real surface for which the equation  
 

 
  

 

 
  

 

 
 holds is either spherical or plane. 

Answer: Let 
 

 
  

 

 
  

 

 
   where   is any constant. Then                     

Now we know that     
                    

                    
                    

                     

    
                    

                       
    

 

 
   

Now if 
 

 
   then      at all points and the surface is plane. And if  

 

 
              then 

normal curvature at any point of the surface is constant. Which implies that surface is sphere. 

QUESTION: Show that curvature K at any point ‘P’ of curve of intersection of two surfaces is 

given by           
    

             where       are two normal curvature of 

surfaces in the direction of curve at ‘P’ and   is the angle between the normals at that point. 

ANSWER: Let    be the angle between the principal normals of the curve of intersection and 

the normal section of the first surface at ‘P’. Similarly    is the angle between the PRINCIPAL 

normals of the curve of intersection and the normal section of the second surface at ‘P’ then  

        applying Meunier’s Theorem i.e.                                      

then                                                                       

          
  

 
       √  

  
 

   √     
 

                                        

                              {                   }       

     2    (
  

 
)      .√

     
 

  /3         √     
 
      

 √     
 
               (     

 
)                  

                 

           
 
        

    
                       

           
    

         
                         

           
    

             which is required result. 

 

ASYMPTOTIC CURVE: A curve    on a surface ‘S’ is called asymptotic if its normal curvature is 

everywhere zero i.e.      

QUESTION: Prove that the asymptotic curve on the surface                           is 

given by            where ‘c’ is an arbitrary constant. 

ANSWER: :                             

    *          
 

 
+      *     

 

  +   

   [              ]      [               ]   also     [              ] 
  

         |

 ̂  ̂  ̂

        
 

 
            

|  [             ]  also ‖       ‖  √     
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Now  ⃗  
       

‖       ‖
 

[             ]

√    
  

then    ⃗       
 

 (√    )
            ⃗               ⃗      

 

√    
 

as we know that                      
 

 (√    )
      

 

√    
    

 
 

 (√    )
    

 

√    
             for asymptotic curve. 

   

√    
[
 

 
        ]    

 

 
           

  
 

       
  

 
     ∫

  

 
    ∫

  

  
    

            

PRINCIPAL SECTION: the normal section of the surface having the maximum or minimum 

curvature is called principal section. 

PRINCIPAL CURVATURE: the maximum or minimum values of normal curvature of principal 

sections are called principal curvatures. Its equation may be written as follows     

  
                       

OR let        be a surface patch with 1st and 2nd fundamental forms respectively. Define 

symmetric     matrices            by  

   *
  
  

+           *
  
  

+ Then principal curvature of surface patches         is the 

roots of the equation    [       ]    

HELICOIDS: A surface generated by a curve which is simultaneously rotated about a fixed axis and 

translated  in the direction of the axis with a velocity proportional to the angular velocity of rotation. 

The plane sections through the axis are called Meridians. 

QUESTION (PP):  Calculate principal curvature of the Helicoid                         

ANSWER: :                           

    [               ]                          

                     [     ]   also     [            ]  

Then         ‖  ‖
                 ‖  ‖

                          

         |
 ̂  ̂  ̂

            
         

|  [                ]  also ‖       ‖  √      

 ⃗  
       

‖       ‖
 

[                ]

√     
 then    ⃗                   ⃗      

 

√     
        ⃗        

Now for principal curvature    [       ]    where    *
  
  

+           *
  
  

+ 

Then         *
  
  

+   *
  
  

+  [
 

 

√     

 

√     
 

]   [ 
     
  

]                                      

         [
 

 

√     

 

√     
 

]  [         
  

]  [
         

 

√     

 

√     
  

]      

    [       ]  |
         

 

√     

 

√     
  

|  
  (     )

 
   

        

Then    [       ]    
  (     )
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PRACTICE: Calculate principal curvature of the followings; 

i. A unit sphere                                 

ii. A cylinder of radius ‘1’ and axis is z – axis                      

iii. Centroid                                

PRINCIPAL DIRECTIONS: the tangent lines along the principal sections at a point are called 

principle directions. 

LINE OF CURVATURE: A curve drawn on a surface is called a line of curvature iff the tangent line 

about any point of this curve gives one of two principal directions at that point. Its equation 

may be written as follows   |
               

   
   

|    

FIRST CURVATURE: The first curvature of the surface at any point may be defined as the sum of 

principal curvatures. We will denote it by ‘J’ and is given by      

        
 

  
            

SECOND CURVATURE: The second curvature or specific curvature or Gauss curvature of the 

surface at any point may be defined as the product of principal curvatures. We will denote it by 

‘K’ and is given by         
  

   

AMPLITUDE OF NORMAL CURVATURE: It may be defined as   
 

 
                         

MEAN NORMAL CURVATURE: It may be defined as   
 

 
        

SURFACE OF CENTRES OR CENTRO - SURFACE: the locus of centre of curvature is a surface 

called Centro surface or surface of centre. 

MINIMAL SURFACE: the surface is called minimal surface if first curvature is zero at all points 

on the surface. 

NULL LINES: the null lines (or minimal curves) on a surface are defined as the curves of zero 

length. 

QUESTION:   Find the line of curvature and principal curvature for the surface (right helicoid) 

                                and prove that it is a minimal surface. 

SOLUTION:                                     

                               [                            ] 

Now the fundamental coefficients of first order are      
 
       

 
                

      
 
                      

       
 
                            

           [                       ] [                           ]

                            

Now the fundamental coefficients of second order are                        

For                                                                                           
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So the second order coefficients are      ⃗              ⃗        
 

 
    ⃗          also 

  |       |  |                           |  √      

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

 

 
                                               

now equation of normal curvature is given as     

|
               

   
   

|    |

               

  
 

 
 

       

|          
     

        

    
  

√     
        

 

 
   

Now equation of principal curvature is   
                           

   
               

  

                    
 

 
     

     
 

      

Also         
 

  
              thus given surface is minimal. 

QUESTION:   Find the principal curvature and principal direction on the surface of  

                       

SOLUTION:                           

      
 
                

 
                             

So the second order coefficients are      ⃗              ⃗        
   

 
       ⃗          also 

  |       |  √                        also           
     

                     

now for principal directions   

|
               

   
   

|    |

               

  
   

 
 

                        

|        

       
        

        
         √

        

        
   

Now equation of principal curvature is   
                           

   
       (

        

 
)          Also       (

        

  
)  and    

  

  
 

UMBILIC POINT:  when the normal curvature    is independent of the ratio       and has the 

same value for all direction through the point such a point is called umbilic on the surface. 

THEOREM:   Prove that the necessary and sufficient condition for the lines of curvature to be 

the parametric curves is that         

PROOF:  Suppose that the lines of curvature are parametric curves i.e.                                               

                                                              

Now equation of normal curvature is given as |
               

   
   

|               

since the lines of curvature are parametric curves then the lines of curvature are mutually 

orthogonal. And being orthogonal curves     

Now let                                      also      then using all these values 

    |
              

   
   

|                            
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Also let                                      also      then using all these values 

    |
              

   
   

|                                                    

as    √      √                                         

so from (B) and (C) we conclude      

CONVERSLY:  Suppose        , to prove the lines of curvature to be the parametric 

curves we show that either                          

Since equation of line of curvature is given as |
               

   
   

|                                      

 |
               

   
   

|                                         

let           
 

 
 

 

 
  which is condition of umbilie point and there is no umbilie point 

in this case so                                                                                            

  either                            the lines of curvature to be the parametric curves 

 

THEOREM:   Prove that the two principal directions at any point of a surface are orthogonal. 

PROOF:  let                                     be two lines of curvature passing 

through point ‘P’ of the surface                    

 
   

  
 
   

  
are the roots of the equation |

               

   
   

|                    

then the sum of the roots will be 
   

  
 

   

  
  

     

     
                                        

and the product of the roots will be 
   

  
 
   

  
 

     

     
          

Now the vectors    
   

  

   

  
 

   

  
      

   

  
     and  ⃗  

   

  

   

  
 

   

  
      

   

  
     

represent lines parallel to the tangent to the lines of curvature given by             at the point 

‘P’ then consider     ⃗   (
   

  

   

  
)   (

   

  
 

   

  
)     (

     

     
)   ( 

     

     
)    

     ⃗     principal directions at any point of a surface are orthogonal. 
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EULER’S THEOREM: If    is the normal curvature in a direction ‘ ’(i.e. 
  

  
) at any point ‘P’ of the 

surface             and           are the principal curvatures at ‘P’ then                                  

                 
    where   is the angle which the direction ‘ ’ makes with the 

                                         

PROOF:  let us assume that the parametric curves on the given surface ‘S’ are its lines of 

curvatures.        

  And as we know that the normal curvature in the direction at ‘P’ can be 

written as     
                    

                
         and using orthogonality of lines of curvature 

we have          
             

                   equivalently we can write                   

   
             

     
      (

  

  
)
 

  (
  

  
)
 

            

Now normal curvature along the principal direction for                   becomes 

   
      

     
 

 
          similarly    

      

     
 

 
                                 

as    is the angle which the direction ‘ ’ makes with the                  so                          

     
 

√ 
( 

  

  
  

  

  
)       

 

√ 
( 

  

  
)              √ 

  

  
                                     

 
  

  
 

 

√ 
              

Now the angle between the direction ‘ ’ and principle direction given by             is 

       so           
 

√ 
( 

  

  
  

  

  
)       

 

√ 
( 

  

  
)              √ 

  

  
  

 
  

  
 

 

√ 
               

From equation                  and        and putting the values of 
  

  
 
  

  
     in 

(iii)        (
 

√ 
    )

 

    (
 

√ 
    )

 

                  
   

 

REMARK:   if    and    are principal curvatures of a surface patch   at a point ‘P’ then                   

(i)    and    are real members.                 

(ii)          Then         and hence every tangent vector to   at a point ‘P’ is principal 

curvature.                         

(ii)      Then tow non – zero vectors      and     corresponding to    and    respectively are 

perpendicular. 

 

PRINCIPAL VECTOR: If   [
 
 
] satisfying equation [       ]    then the corresponding 

tangent vector             to the surface        is called the principal vector 

corresponding to the principal curvature. 
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EULER’S THEOREM (PP) (another proof): Let    be a curve on a surface path   and let           

be the principal curvature with non – zero principal vectors            then          

                 
    where   is the angle between             

PROOF:  let us assume that    is a unit speed curve. Let    be a tangent vector of    also consider 

           then   [
 
 
] 

Case#1:  let          Then         and hence                         

           ‖  ‖                                                      

result is true for          

Case#2:  let      Then tow non – zero vectors      and     corresponding to    and    

respectively are perpendicular. We assume that     and     are unit vectors then                             

              then    [
  
  

] and               then    [
  
  

] 

 

Then                                                                      

                 and                   

Then [
 
 
]  [

  
  

]      [
  
  

]                      

So the normal curvature of    is           [             ]
    [             ]  

             
               [    

           
      ]           

       

Since [       ]              

Then 

            
                  [      

            
     ]           

          

        
      

              [  (       )    (       )]       
      

      

        
  (       )          [           ]       

  (       )       

        
           

                      
   

 

COROLLARY: The sum of the normal curvatures in two directions at right angles is constant and 

equal to the sum of the principal curvature i.e.    
    

       

PROOF:   

 

 let the directions are 
  

  
 
  

  
 as shown in the figure then rotating the directions to coincide with 

                                         respectively                   
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then for 
  

  
 direction     and using the Euler’s theorem i.e.                  

    

    
      

           
        

            

and for 
  

  
 direction       and using the Euler’s theorem i.e.                  

    

    
      

             
          

             

adding (i) and (ii)      
    

       

QUESTION: If B is the mean normal curvature and A is the amplitude, deduce from Euler’s 

theorem that               

Solution:                  
 

 
        

 

 
            

                      

 
 

 
        

 

 
          

  
 

 
           

 

 
          

                 

                  
       

        
            

QUESTION: If B is the mean normal curvature and A is the amplitude, deduce from Euler’s 

theorem that                 

Solution:                  
 

 
          

        
     (       )        

QUESTION: If B is the mean normal curvature and A is the amplitude, deduce from Euler’s 

theorem that                 

Solution:                  
 

 
          

                    
         

THEOREM: A surface is developable iff its specific curvature is zero at all points. 

PROOF:  Consider the surface           let   
  

  
   

  

  
   

   

      
   

      
   

    
 

                                 
   

  
 (            

  

  
  )      

   

  
 *                  

  

  
  +  

    ⃗  
 
                    also                      

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

       

|       |
 

  ⃗⃗  
[                  ]

√       
  

      
    

                              
    

                                  
    

    
                   

So the second order coefficients are      ⃗       
 

 
      ⃗       

 

 
    ⃗       

 

 
 

And           
 

 
 
 

 
 

  

  
    

     

  
    

Now equation for curvature is                            and hence specific 

curvature will be   
  

                    
     

   
     

        

STEP-II: suppose that surface is developable then       

(
   

    
)
 

 
   

    
   

                    
  

   
     

   
 

        

CONVERSLY: suppose that surface curvature is identically zero then         

               (
   

    
)
 

 
   

   
 
   

   
  the surface is developable. 

 𝑟   𝑟   |
�̂� �̂� �̂�
  𝑝
  𝑞

| 
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QUESTION: Find the equation for the principal curvatures and the differential equation of the 

lines of curvature, of the surface    
  

  
 

  

  
 

SOLUTION:  given    
  

   
  

      (                  
  

    
  

    ) 

     
   

  
 (            

 

 
)      

   

  
 *                  

 

 
+  

      
 
   

  

  
      

  

  
   

  

  
  also    |       |  √

  

  
 

  

  
   

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

       

|       |
 

  ⃗  
* 

 

 
         

 

 
      +

√  

   
  

    

   

      
    

   
 (               

 

 
)         

    

   
 (               

 

 
)            

    

    
                   

So the second order coefficients are      ⃗       
 

  
      ⃗            ⃗       

 

  
 

And           
 

        

Now differential equation for principal curvature is                              

       (
     

  
 

     

  
)      and hence specific curvature will be   

  
  

  
                  

 

    
   Also   (

     

 
 

     

 
)

 

  
 

Now for the differential equation of the lines of curvature we have  

|
               

   
   

|    ||

               

 

  
 

 

  

  
  

  

  

  
  

  

  

||           

  
  

    
      *(  

  

  )
 

  
 (  

  

  )
 

  
+      

  

    
                                    

  
  

    
(
  

  
)
 

 *(
     

  )
 

  
 (

     

  )
 

  
+
  

  
 

  

    
         

  
  

    
(
  

  
)
 

 
 

   
*(

     

 
)  (

     

 
)+

  

  
 

  

    
          

  
 

 
(
  

  
)
 

 
 

  
*(

     

 
)  (

     

 
)+

  

  
 

 

 
                             

 (
  

  
)
 

 
 

  
*(

     

 
)  (

     

 
)+

  

  
 

 

 
    is the required answer. 

PRACTICE: Find the equation for the principal curvatures and the differential equation of the 

lines of curvature, of the surfaces 

i.            

ii.          

 
 

 

 

 

 

 

 

 

 𝑟   𝑟   |
�̂� �̂� �̂�
  𝑝
  𝑞
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QUESTION: At the point of intersection of the paraboloid        with the hyperboloid 

              , the principal radii of the paraboloid are  
  (  √ )

 
 

SOLUTION:  given paraboloid          (                  
  

 
 ) 

     
   

  
 (            

 

 
)      

   

  
 *                  

 

 
+  

      
 
   

  

        
  

     
  

    also    |       |  √
[                  ]

 
 

  

   
  

   
 

 
 

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

       

|       |
 

  ⃗  
[                  ]

  
    

      
    

   
                           

    

   
                              

    

    
 (              

 

 
) 

So the second order coefficients are      ⃗              ⃗       
 

  
    ⃗         

And           
  

        and We note that at a point of intersection with hyperboloid 

              is    
  

  
  and    

  

  
 

Now  differential equation for principal radii is                              

  
  

   (   
 

 

 

  
  )                                             

   
     √           

    
     √ 

 
 

  (  √ )

 
 

SURFACE OF REVOLUTION:  A surface generated by the rotation of the plane curve about an 

axis in its plane is called a surface of revolution.       

  If z – axis is taken as the axis of revolution and ‘u’ denotes the distance of a point 

from z – axis then surface may be expressed as                                   

We may also use        (                           ) 

QUESTION (PP;2016):   show that if a surface of revolution is a minimal surface then  

   
   

    
  

  
[  (

  

  
)
 

]                 *  (     )
 
+    

SOLUTION: let the surface of revolution is      (                            )   

                                [                             ] 

      
 
     

        
 
                

For    (                            )                                                             

                                                                   

also 

  |       |  |                                |  √                              

   |       |  √       
  √(    

 )   

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

 

 
                                   

So the second order coefficients are      ⃗       
    

 
      ⃗            ⃗       

    

 
                     

 𝑟   𝑟   |
|

�̂� �̂� �̂�

  
𝑦

𝑐

  
𝑥

𝑐

|
| 
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Now equation of principal curvature is                              

   (    
 )

 
    *

(    
 )    

 
 

     

 
+  

       

  
   

   (    
 )

 
    [  √(    

 )   
     

√(    
 )  

]  
       

(    
 )                              

   (    
 )

 
    0  √(    

 )  
 

      √(    
 )  1              

   (    
 )

 
    √(    

 )  [  (    
 )        ]            

Then          
√(    

 )  [  (    
 )        ]

  (    
 )

   

Now  given surface is minimal then curvature will be zero then [  (    
 )        ]      

   (    
 )          

   

    
  

  
[  (

  

  
)
 

]    

 

EXAMPLE:  On the surface formed by the revolution of a parabola about its directrix, one 

principal curvature is double the other. 

SOLUTION: consider a parabola in yz – plane with its directrix along z – axis then surface of 

revolution will be     (                            )   where         √       

     .                     
  

  
 

 

√     
/      [                              

  

  
  ] 

      
 
   

 

     
 

 

     
       

 
                

For    (                            )        (                   
   

   
 

 √ 

          
)                                 

                                                                   

also 

  |       |  |                                |  √                              

   |       |   √
   

     
    

  

     
 

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

 

 
                                  

   ⃗       
 √  

          
       ⃗             ⃗       

 √   

 √     
    

Then from the Euler’s theorem      
 

 
 

 √ 

  √     
               and     

 

 
 

√ 

 √     
 

Thus one principal curvature is double the other .i.e         
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EXAMPLE:   Find the equation for the principal radii, the lines of curvature and the first and 

second curvature of the surface                                    

SOLUTION: consider a parabola in yz – plane with its directrix along z – axis then surface of 

revolution will be     (                            )    

     (                     
  

  
  )      *                              

  

  
+  

      
 
         

 
     

 
              

For    (                            )                                                           

      (                          
  
)                                 

also   |       |  √  
         

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

 

 
                              

   ⃗               ⃗        
  

 
     ⃗       

    

 
  also           

  
 

   

Now equation of principal curvature is                              

 
  

  
 

 

 
*
    

 
+  

  
 

  
   

  
    

  
 

 

 
[

    

√  
    

]  
  

 

  
          

 (  
    )   [

    

√  
    

]  
  

 

  
     

      
           √  

      (  
    )

 
    

Then    
    

   
    

(  
    )

     And     
  

 

(  
    )

  

Then lines of curvature are given by  

|
               

   
   

|    |

               

  
  

 

    

 

      
 
 

|       

    (  
    )                   

    is the equation of lines for curvature. 

QUESTION: Show that the line of curvature of the paraboloid         lie on the surface 

       

 
        

 
          

SOLUTION:  given paraboloid          (                  
  

 
 ) 

     
   

  
 (            

 

 
)      

   

  
 *                  

 

 
+  

      
 
   

  

  
      

  

  
   

  

  
  ,    |       |  √

[                  ]

 
 

  

   
  

   
 

 
 

Also unit normal to the surface is   ⃗  
       

 
  ⃗  

       

|       |
 

  ⃗  
[                  ]

  
    

      
    

                              
    

                                 
    

    
 (              

 

 
) 

 𝑟   𝑟   |
|

�̂� �̂� �̂�

  
𝑦

𝑎

  
𝑥

𝑎

|
| 
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So the second order coefficients are      ⃗              ⃗       
 

  
    ⃗         

And           
  

         

Then lines of curvature are given by  

|
               

   
   

|    ||

               

 
 

  
 

  
  

  

  

    
  

  

||      

 
 

  

     

  
      

 

  

     

  
        

     

√     
 

     

√     
         

        

 
        

 
          

QUESTION:  Calculate fundamental magnitude of first and second order for the surfaces 

                                           where          are parameters. 

ANSWER:                                                                  

     
   

  
 [                         ]      

   

  
 [                          ]  

Now the fundamental coefficients of first order are      
 
       

 
                

      
 
     

                 
 
                      

Also                                                            

Also unit normal to the surface is   ⃗  
       

|       |
  ⃗  

       

 
  

  ⃗  
[                                   ]

 
  

Now the fundamental coefficients of second order are                        

For                                                               

      
    

                                                
    

                                     

      
    

    
                      

So the second order coefficients are      ⃗       
    

 
   

   ⃗       
[                                   ]

 
                       

 

 
      

   ⃗       
[                                   ]

 
                              

    

 
  

And           
    

 

    

 
 ( 

 

 
)
 

 
       

   
 

 
 

Now equation of principal curvature is                              

and the curvature are given by  

        
 

  
            

    
  (      )       ( 

    )

  
  

And         
  

   
          

   

 

 𝑟   𝑟   |
𝑖 ̂ 𝑗 ̂ �̂�

𝐶𝑜𝑠𝜑 𝑆𝑖𝑛𝜑 𝑓 
 𝑢𝑆𝑖𝑛𝜑 𝑢𝐶𝑜𝑠𝜑 𝑐
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QUESTION: Find the principal curvature and the line of curvature on the surface generated by 

the tangent to the twisted curve. 

SOLUTION:  the position vector of the current point on the surface is   ⃗         

  ⃗   
  ⃗ 

  
      ⃗   

  ⃗ 

  
                ⃗   

    ⃗    ⃗        ⃗    ⃗             ⃗    ⃗      ,    | ⃗    ⃗⃗  |     

Also unit normal to the surface is   ⃗  
 ⃗⃗    ⃗  

 
  ⃗  

   ⃗ 

  
  ⃗  

  ⃗    
   ⃗ 

   
      ⃗    

   ⃗ 

   
        ⃗       ⃗                 ⃗      ⃗       

  ⃗    
   ⃗ 

    
       ⃗  

   ⃗   ⃗           ⃗   ⃗         ⃗   ⃗         And                 

Then lines of curvature are given by  

|
               

   
   

|    |
               

     
        

|     

                                                                        

                                    

Now equation of principal curvature is  ̃     ̃                      

  ̃       ̃               ̃(   ̃   )              
 

  
 required.     

 

ISOMETRY:  If     and    are surfaces, a smooth mapping         is called locally isometry if 

length of the curve on    and length of the curve on    are same.  

Every local isometry is a local diffeomorphism, called isometry. 

 

THEOREM: A diffeomorphism         is an isometry if for any surface patch   of    and   of 

   have the same fundamental form. 

PROOF:  For surfaces    and    let            and            respectively. And suppose 

   and    have the same fundamental form.i.e. 

    
      

              
      

                                    

Then we have to prove for isometry               

For this let          (         ) and          (         ) are two curves on surfaces    

and    respectively. Then  

‖       ‖  √                     and   ‖       ‖  √                    

Now 

       ∫‖       ‖   ∫√                      ∫√                      

       ∫‖       ‖   ∫‖       ‖                           and    are isometric. 
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CONVERSLY:  Suppose that    and    are isometric. i.e.               then we have to prove 

that both have same fundamental form. 

Given               ∫‖       ‖   ∫‖       ‖   ‖       ‖  ‖       ‖         

 ∫√                    ∫√                                                        

     
      

              
      

            

  both surfaces have same fundamental form. 

 PRACTICE:  Show that following surfaces have isometry; 

                               and    ̅                      

Hint:  find only the 1st fundamental form of both and if both are of same fundamental forms 

then both are isometric. 

CONFORMAL MAPPING OF SURFACES:  Suppose that two curves    and  ̅ on  a surface ‘S’ 

intersect at point ‘P’ then the angle   between curves    and  ̅ at ‘P’ is equal to the angle 

between their tangent, is define as      
       ̅ 

‖   ‖   ‖ ̅ ‖
        

OR If     and    are surfaces, a diffeomorphism          is said to be conformal if the angle 

of intersection, between the intersecting curves     and  ̅  on      and intersecting curves      and 

 ̅  on     are same. (in short         is conformal iff it preserves the angles) 

ANGLE IN TERMS OF 1ST FUNDAMENTAL FORM OF SURFACES:  

   

 Suppose        (         ) and  ̅     ( ̅     ̅   ) are two smooth curves on surface ‘S’ 

then suppose that for some parametric value we have  (           )     ( ̅      ̅    )  

then by using chain rule we have        
     

  and  ̅     ̅     ̅  

Then        ̅      
     

            ̅        ̅         ̅     ̅         ̅    

Now just replacing    and  ̅ we get  

Then                                    ‖   ‖  

Then  ̅     ̅     ̅        ̅  ̅       ̅     ‖ ̅ ‖  

         
       ̅ 

‖   ‖   ‖ ̅ ‖
  

 (   ̅  )  (   ̅     ̅ )  (   ̅ )

√                       √    ̅        ̅  ̅       ̅    
  

        (
 (   ̅  )  (   ̅     ̅ )  (   ̅ )

√                       √    ̅        ̅  ̅       ̅    
)  

EXAMPLE: The parametric curves on surface patch        can be parameterized by                      

              and  ̅            then find the angle between them. 

PROOF:  Given                and  ̅                                             

and                also  ̅       ̅       where            are constants and also 

                and  ̅        ̅       

Now using         (
 (   ̅  )  (   ̅     ̅ )  (   ̅ )

√                       √    ̅        ̅  ̅       ̅    
)       (

 

√   
)  
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THEOREM: A diffeomorphism          is said to be conformal iff for any surface patch     on  

    and  ̅       on     both have 1st fundamental form, are proportional.  

PROOF:  Suppose      and  ̅       are two surface patches of surfaces    and     respectively. 

Now we suppose that  their 1st fundamental forms are proportional. i.e. 

     
      

                 
      

             where        is smooth 

function. Then we have        ,        ,        ……..      

Now we have to prove for conformal       

Let    be the angle of intersection of the curves     and  ̅  on     and    be the angle of 

intersection of the curves       and  ̅  on     

Since        
  ( 

  ̅  )   ( 
  ̅     ̅ )   ( 

  ̅ )

√                          √     ̅         ̅  ̅        ̅    
 

Then by using (i)        
 [  ( 

  ̅  )   ( 
  ̅     ̅ )   ( 

  ̅ )]

 *√                          √     ̅         ̅  ̅        ̅    +
 

                     is conformal. 

CONVERSLY:  Suppose that   is conformal. i.e.                       

 
    

  ̅        
  ̅     ̅       

  ̅  

√                          √     ̅         ̅  ̅        ̅    

 
    

  ̅        
  ̅     ̅       

  ̅  

√                          √     ̅         ̅  ̅        ̅    
      

Suppose for required result                 and  ̅                               

where     are constants, and 

              ,             ,  ̅             ̅       ,                     

 ̅             ̅       

    
             

√   √                            
 

             

√   √                            
  

    
                

                                
 

                

                                
          

                   
         

                     

                   
         

                            
          

   

                         
                    

    (       
 )      

     
        

                    
    (       

 )     

                                

 
        

                    
    (       

 )     

                                
 

   
(       

 )     

                                
   

(       
 )     

                                
  

 
(       

 )     

                                
 

(       
 )     

                                
  

       
                    

    
  (       

 )

   (       
 ) 
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Put    
  (       

 )

   (       
 ) 

 then  

       
                    

           
                    

    

            
                                

     

This condition holds when                    ,                   and  

                  

Hence prove d the 1st fundamental forms are proportional. 

THEOREM: Prove that the first fundamental forms of           are proportional   

 OR   prove that          is conformal.  

PROOF:  For 1st fundamental form of      

Since                                                 

               ‖     ‖
    ,               ‖     ‖

    ,                   

Then     
      

                  is required. 

For 1st fundamental form of      

Since         (
  

       
 

  

       
   

  

       
) 

       *
(       )        

          
 

      

          
 

     

          
+  

       *
             

          
 

   

          
 

  

          
+  

          *
      

          
 
(       )        

          
 

  

          
+ 

        *
   

          
 
             

          
 

  

          
+   

Now                ‖     ‖
  

 

          
 ,               ‖     ‖

  
 

          
 , 

                  

Thus     
      

          
 

          
[       ]  

Put    
 

          
        then  

Then      
      

                 
      

             hence proved. 

The 1st fundamental forms are proportional.          is conformal.  

 

QUESTION: Show that every isometry is conformal mapping. Give an example of a conformal 

mapping which is not an isometry.   

SOLUTION: If         is an isometry between two surfaces           then their fundamental 

forms are equal and hence proportional by                                 so every 

isometry is conformal. 

The Stereographic projection   is an example of conformal mapping but not an isometry 

because     
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QUESTION: Show that Mercator’s parameterization the surface (sphere)      

                                   is conformal. 

SOLUTION: Given (say)                                     

                                                

                                     

Now                ‖     ‖
         ,               ‖     ‖

         , 

                  

    
      

                [       ]        [    
      

         ]  

                          

 QUESTION: Show that Enneper’s surface (sphere)                             

       (  
  

 
        

  

 
           ) is conformaly parameterized. 

QUESTION: let      be a smooth function and        (                ) be  a surface 

obtained by rotating the curve        in xz – plane around z – axis, then find all functions   

for which   is conformal. 

SOLUTION: Given (say)         (                ) 

       (               )                              

Now                ‖     ‖
    [     ]  ,               ‖     ‖

     , 

                  

    
      

          [  [     ] ]                 and hence mapping is 

conformal to xz – plane                 iff whose 1st fundamental form is    

    
      

                  

Now equation (i) holds when   [     ]     [     ]                                        

 [     ]   √           ∫√             [
 √    

 
 

 

 
       ]      

QUESTION: let   be a ruled surface                     where    is a unit speed curve in    

and     is a unit vector for all ‘u’ then prove that   is conformal. 

SOLUTION: Given that     is a unit speed curve i.e. ‖      ‖     and     is a unit vector i.e. 

‖     ‖    and let                                                               

Now    (              )  (              )  ‖      ‖    (       )    ‖      ‖
 
  

        (       )    (       ) , 

               (     )  ‖     ‖
 
   , 

    (              )                       (      )    (      )                 ⃗   

Hence fundamental form is 

     
      

          [    (       )    (       )]         (      )           

And hence mapping is conformal to                 iff whose 1st fundamental form is 
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Now equation (i) holds when [    (       )    (       )]         (      )                                     

   (       )    (       )        (      )     

 (           )       (           )                                           

                                       

     (      )                                                

   is conformal iff             and    is contained in a plane i.e.              

QUESTION: Show that the surface patch         [                 ] where         are 

smooth functions on uv – plane is conformal if and only if      

                           or                                

SOLUTION: Given        [                 ]                                   

Now          ‖  ‖
    

    
    ,          ‖  ‖

    
    

  ,                              

                     

Hence fundamental form is 

     
      

          [  
    

 ]    [  
    

 ]                    

Now   is conformal to the uv – plane iff     
    

          ,   
    

           , 

                    

Now if          and          then   is conformal iff   ̅    ̅          

Now we have   ̅   ̅        ̅    ̅     i.e.                   ̅    ̅      

        | |    | |                     

If                                                        

If                                                         

SURFACE AREA: Suppose that        is a surface patch on a surface  . The image of   is 

covered by the two families of parameterized curves obtained setting         

                          respectively. Fixing           

 

Let                       

If                                   

and                           ⃗       

now as                       ‖    ⃗ ‖  ‖          ‖  ‖      ‖     

then surface area is defined as “ The       of part      of surface patch        

corresponding to a region     is        ∬‖      ‖     
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PREPOSITION: Show that ‖      ‖  √       

SOLUTION: Suppose     ⃗        are vectors in    then we use the result  

(    ⃗ ) (     )         ( ⃗    )  ( ⃗    )(     ) 

Now ‖      ‖
                                                                              

‖      ‖
             

        ‖      ‖  √      

REMARK:  

 We can also write surface are definition in the form       ∬√          

 For a regular surface         (always) everywhere. Since for regular surface 

       is never zero. 

PREPOSITION (PP): Show that the area of surface patch is unchanged by reparameterization. 

SOLUTION: let        be a surface patch and  ̅  ̅     be a reparameterization of   with 

reparameterization map     ̅    thus if    ̅  ̅        we have  ̅  ̅  ̅              

let  ̅   ̅ be a region and let      ̅    then we have to show         ̅  ̅  

Let   ̅  ̅  ∬‖ ̅ ̅    ̅ ̅‖  ̅  ̅         

Since  ̅ ̅    
  

  ̅
   

  

  ̅
 and  ̅ ̅    

  

  ̅
   

  

  ̅
 then  

 ̅ ̅    ̅ ̅  (  
  

  ̅
   

  

  ̅
 )   (  

  

  ̅
   

  

  ̅
)  

 ̅ ̅    ̅ ̅         
  

  ̅

  

  ̅
        

  

  ̅

  

  ̅
        

  

  ̅

  

  ̅
        

  

  ̅

  

  ̅
  

 ̅ ̅    ̅ ̅           
  

  ̅

  

  ̅
        

  

  ̅

  

  ̅
   *

  

  ̅

  

  ̅
 

  

  ̅

  

  ̅
+          

 ̅ ̅    ̅ ̅  |

  

  ̅

  

  ̅
  

  ̅

  

  ̅

|         
      

   ̅  ̅ 
           ̅          

Replacing       ̅           ̅   ̅ ̅    ̅ ̅  
      

      
                 ̅ ̅    ̅ ̅           

       ̅  ̅  ∬‖ ̅ ̅    ̅ ̅‖  ̅  ̅  ∬‖     ‖                   ̅  ̅  

EXAMPLE: Consider the torous         [                                 ] 

where          then find its surface area. 

SOLUTION: Given        [                                 ]              

    [                              ]       

       [                          ]  

Now         ‖  ‖
               ,        ‖  ‖

     ,                 

For surface are we have      ∬√          ∫ ∫ √                  
  

 

  

 
 

      ∫   
  

 
∫             

  

 
 | | 

   |          | 
         

GEODESICS: A curve    on a surface ‘S’ is called a geodesic if      is zero or perpendicular to the 

tangent plane of surface at point       i.e. parallel to its unit normal for all values of parameter t 
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PREPOSITION: Any geodesic has constant speed. i.e. ‖   ‖    
 

  
‖   ‖    

PROOF: Let       be a geodesic on surface then we have 

 
 

  
‖   ‖  

 

  
              

 
               since    is a geodesic so       is perpendicular to the 

tangent plane therefore             (tangent vector at ‘P’)             

    
 

  
‖   ‖     ‖   ‖

 

  
‖   ‖     ‖   ‖     

 

  
‖   ‖     

 

PREPOSITION (PP;2018):  

A curve on a surface is geodesic iff its geodesic curvature is zero everywhere. 

PROOF: It is sufficient to consider a unit speed curve    contained in a surface patch . Let  ⃗  be 

the standard unit normal of   so that           ⃗             

Since    is geodesic then       ⃗  and obviously        ⃗              ⃗              

CONVERSLY: Suppose that             ⃗                ⃗                          ⃗   

    is geodesic. 

 

PREPOSITION: Any straight line on a surface is geodesic. 

PROOF: For a straight line we have           ⃗           ⃗                is geodesic. 

 

Question:  If   and   are the curvature and torsion of the geodesic then prove that                          

               

PROOF: Since                      Also         
        

     

where   is the angle between two directions geodesic tangent and line of curvature, 

Now             
        

            
           

   

             
        

                 

Also                
        

                    
   

            
        

                 

Therefore              [            ][   
         ] 

                              
   

Since                   

Therefore                 

Implies                 

Our correction is wrong and it is dimensionally incorrect.  

And the correct answer is                 

 

ww
w.
Ra
na
Ma
th
s.
co
m

www.RanaMaths.com

www.RanaMaths.com



124 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

GEODESIC TRIANGLE: A curvilinear triangle ABC bounded by a geodesics. 

GAUSS’S THEOREM:  The whole second curvature of a geodesic triangle is equal to the excess 

of the sum of the triangle over two right angles. 

PROOF: Let us choose geodesic polar coordinates with the vertex A as pole. Then the specific 

curvature is    
 

 

   

    and the area of an element of the surface is Ddudv. Consequently the 

whole second curvature of the geodesic triangle is     ∬     ∬
   

   
     

 

Integrate first w.r.to ‘u’ from the pole A to the side BC. 

Then since at the pole    is equal to unity we find on integration 

   ∫            ∫     ∫           ∫    ∫     Where             

Now ∫   
 

 
     and  ∫            then 

  ∫    ∫               This is required whole second curvature of triangle. 

 

 

GAUSS’S EQUATIONS 

       
        

       
    

     
    

      
    

       
        

       
    

     
    

  

       
        

       
    

     
    

  

       
        

       
    

     
    

      
       

    
  

 

CODAZZI’S EQUATIONS 

          
       

     
       

  

          
       

     
       

  

 

 

 

ww
w.
Ra
na
Ma
th
s.
co
m

www.RanaMaths.com

www.RanaMaths.com



125 
 

Visit us @ Youtube: “Learning with Usman Hamid” 

ِ (05-25-0202)ِآخر حرف   

ور جہاں تک ہوسکے دوسروں کےلیے آسانیاں پیدا کریں۔ خوش رہیں خوشیاں بانٹیں ا  

یمین( ے۔ )ا ز ور خوشیوں سے نوا  آپ کو زندگی کے ہر موڑ پر کامیابیوں ا
ی

 اللہ تعالٰ

 محمد عثمان حامد

شمالی  )گودھےوالا( سرگودھا 525چک نمبر   

UNIVERSITY OF SARGODHA 

PUNJAB, PAKISTAN 
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